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MULTIOBJECTIVE FRACTIONAL PROGRAMMING UNDER  ( ,B) – CONVEX 

FUNCTION 

 

DR.G.VARALAKSHMI*   

*Incharge Dept.of Statistics, DK(A)GDC for women, Nellore 

 

Abstract 

In this paper, we derive (ρ ,b) convex, (ρ ,b) quasi convex, (ρ ,b)  Pseudo convex, functions, necessary and 

sufficient conditions for (ρ ,b) functions and also weak and strong duality results have been proved. 

Keywords: (ρ ,b) convex, (ρ ,b) quasi convex, (ρ ,b)  Pseudo convex functions  and  Duality 

 

INTRODUCTION  

        A great deal of work has been done in Multi objective fractional programming problem involving non 

convex functions. Fritz-john type  have been obtained for Multi objective fractional programming problem 

involving non convex functions by many researchers. Various generalizations of convex functions have appeared 

in the literature. Vial [14 ] generalized the concept of convex function by introducing - convex functions. The 

generalization of - convex functions to -  Pseudo  convex functions and - quasi   convex functions was 

given by Jeyakumar [6 ] . A class of functions called b-vex functions were introduced by Bector and Singh [1 ] . 

Weir [16] gave the multi - objective analogue of Jagannathan  [5] and Schaible[10] dual for (FP) and proved the 

duality results under the conditions of convexity.  Then after, Kaul and Lyall[7] have considered the Schaible[10]  

type dual and proved duality results under the assumptions of η-pseudo convexity, η-strict pseudo convexity and 

η-convexity.   In recent times Preda defined a (ρ,b)-vex n-set function, discussed some of its properties, and then 

established weak, strong, and converse duality results for a parametric dual problem for (P) under appropriate 

(ρ,b)-vexity conditions. This class is defined by relaxing the definitions of ρ – convex and b-vex functions. 

Certain examples for a wide variety of functions satisfying- vexity functions can be seen from  Bector  and Suneja 

and Lalitha [2 ] .In this paper we consider ρ, b – invexity and its generalizations and present some optimality 

conditions for a Multi objective fractional programming problem under differentiability and also the concept of 

proper efficiency and the parametric approach are used to obtain the optimality conditions and duality results. 

This paper is organised as follows.  In section 1 gives formulation of Primal Problem, in Section 2 gives 

definitions of  (ρ ,b)- convex  and its generalizations. In Section 3 we present the necessary and sufficient 

http://www.google.co.in/url?url=http://www.marathon-studios.com/unicode/U2374/Apl_Functional_Symbol_Rho&rct=j&frm=1&q=&esrc=s&sa=U&ei=GAY-VNznBZKUuASC24G4BQ&ved=0CCYQ9QEwAg&usg=AFQjCNHGmDs-D1Rw6A2ForPHSCFvVm-NVA
http://www.google.co.in/url?url=http://www.marathon-studios.com/unicode/U2374/Apl_Functional_Symbol_Rho&rct=j&frm=1&q=&esrc=s&sa=U&ei=GAY-VNznBZKUuASC24G4BQ&ved=0CCYQ9QEwAg&usg=AFQjCNHGmDs-D1Rw6A2ForPHSCFvVm-NVA
http://www.google.co.in/url?url=http://www.marathon-studios.com/unicode/U2374/Apl_Functional_Symbol_Rho&rct=j&frm=1&q=&esrc=s&sa=U&ei=GAY-VNznBZKUuASC24G4BQ&ved=0CCYQ9QEwAg&usg=AFQjCNHGmDs-D1Rw6A2ForPHSCFvVm-NVA
http://www.google.co.in/url?url=http://www.marathon-studios.com/unicode/U2374/Apl_Functional_Symbol_Rho&rct=j&frm=1&q=&esrc=s&sa=U&ei=GAY-VNznBZKUuASC24G4BQ&ved=0CCYQ9QEwAg&usg=AFQjCNHGmDs-D1Rw6A2ForPHSCFvVm-NVA
http://www.google.co.in/url?url=http://www.marathon-studios.com/unicode/U2374/Apl_Functional_Symbol_Rho&rct=j&frm=1&q=&esrc=s&sa=U&ei=GAY-VNznBZKUuASC24G4BQ&ved=0CCYQ9QEwAg&usg=AFQjCNHGmDs-D1Rw6A2ForPHSCFvVm-NVA
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optimality conditions. We formulate the dual problem of  Schaible type for multiobjective fractional 

programming  and present a  number of duality results in section 4. 

1. The Multiobjective fractional programming problem we consider in this paper is the following fractional 

primal problem: 

  (FP)        Minimize h; .....1,2,...... i , 
(x)g

(x)f

i

i   x € X, 

   

Subject to hj(x)≤0; j = 1,2,....,m; x € S, 

 

the feasible set X = { x € S; hj(x)≤0; ; j = 1,2,....,m} and S
nR . Here  Sf i : R, Sg i : R,  

 

i = 1,2,….,k and hj : S  R; j = 1,2,....,m; are assumed to be differentiable. It is further assumed  

 

that 

i)  )(xg i > 0 for all x € S  and each  i = 1,2,….,k; 

  

ii) X  . 

  

In this paper, the concept of proper efficiency and the parametric approach are used to  

 

obtain the optimality conditions and duality results. 

 

2. DEFINITIONS 

For x, y €
nR , by  xy we mean x i y i for i= 1,2,…,n; by xy we mean x i y i  for all  

i= 1,2,…,n  and x j < y j  for at least one j , 1  jn and for x, y € R, x < y is used in the usual sense.  

 We shall now define the notion of (ρ, b)- convexity . Let K = {1,2,….,k} and 

 M = {1,2,…..,m}. 

 

Definition (2.1):- let 
𝑓𝑖(𝑥)

𝑔𝑖(𝑥)
 be a numerical function defined on an open set S⊆ R

n
 and let 

𝑓𝑖(𝑥)

𝑔𝑖(𝑥)
 be differentiable 

at x ϵ S. let ρ be a real numbers and 𝜂, 𝜃: S×S →R
n
 and b: X × S →R, be functions. Then the function f is 

said to be  

(i) (𝜌, 𝑏) – convex at 𝑥  with respect to S. 𝜃 and b or briefly, (ρ, b) – convex at 𝑥  if for each x ϵ S 

𝑏 (𝑥, 𝑥 ) [
𝑓𝑖 𝑥 

𝑔𝑖 𝑥 
  –  

𝑓𝑖 𝑥  

𝑔𝑖 𝑥  
]  ≥  (𝑥 − 𝑥 )𝑡∇

𝑓𝑖(𝑥 )

𝑔𝑖(𝑥 )
 + ρ‖ 𝜃(𝑥, 𝑥 ) ‖2 ‖ ………………………..(2.1) 

(ii) (𝜌, 𝑏) – pseudconvex at 𝑥  if for each 𝑥 𝜖 𝑆 

𝑏 (𝑥, 𝑥 ) (𝑥 − 𝑥 )𝑡∇  
𝑓𝑖(𝑥 )

𝑔𝑖(𝑥 )
 +  𝜌 ‖ 𝜃(𝑥, 𝑥 ) ‖2  ≥  0 …………………………………………..(2.2) 
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Implies,  
𝑓𝑖(𝑥)

𝑔𝑖(𝑥)
≥

𝑓𝑖(𝑥 )

𝑔𝑖(𝑥 )
 ………………………………………(2.3) 

(iii)   (𝜌, 𝑏) – quasi convexat 𝑥  if for each 𝑥𝜖𝑆 

𝑓𝑖(𝑥)

𝑔𝑖(𝑥)
≤

𝑓𝑖(𝑥 )

𝑔𝑖(𝑥 )
 

Implies 

𝑏(𝑥, 𝑥 )(𝑥 − 𝑥 )𝑡∇
)(

)(

xg

xf

i

i ) + 𝜌 ‖ 𝜃(𝑥, 𝑥 ) ‖2 ≤ 0 

Definition(2.3):- A point 𝑥  𝜖 𝑋 is said to be efficient solution for (FP) if there does not exist  

any 𝑥𝜖𝑋such that 𝑄 i (𝑥)  ≤  𝑄 i (𝑥 ). 

Definition (2.4):- A point 𝑥  ϵ X is said to be properly efficient for (FP) if it is efficient for (FP) 

 and if there exists a scalar N > 0 such that for each 𝑖, 

𝑄𝑖(𝑥 )  −  𝑄𝑖(𝑥)  ≤  𝑁 [𝑄𝑗 (𝑥 )  −  𝑄𝑗 (𝑥)] 

for some 𝑗 such that 𝑄𝑗 (𝑥 )  < 𝑄𝑗 (𝑥) whenever 𝑋 is feasible for (FP) and 𝑄𝑗 (𝑥 )  > 𝑄𝑗 (𝑥). 

3. OPTIMAL CONDITIONS 

We consider the following parametric Multi objective optimization problem (FP), for each  

vϵ𝑅+
𝑘 , where 𝑅+

𝑘  denotes the positive orthant of 𝑅𝑘 . 

 

(FP), 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 [𝑓𝑖(𝑥)  −  𝑣𝑖𝑔𝑖(𝑥), …… . , 𝑓𝑘(𝑥)  −  𝑣𝑘𝑔𝑘(𝑥)] 

 

Subject to 𝑕𝑗 (𝑥)  ≤  0, 𝑗𝜖𝑀;  𝑥 𝜖 𝑆. 

We now have the following lemma connecting the properly efficient solutions of (FP) and (FP). 

Lemma 3.1:- Let 𝑥  be properly efficient for (FP). Then there exists (𝑣 ) 𝜖 𝑅+
𝑘  such that 𝑥  is  

Properly efficient for(FP)𝑣 , Conversely, if 𝑥  is properly efficient for (FP)𝑣  where 𝑣 𝑖= Qi(𝑥 ),  

iϵK the 𝑥  is properly efficient for (FP). 
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Following Geoffrion (4) we consider the scalar programm corresponding to (FP)𝑣  given by  

(𝐹𝑃)𝑣 
𝜆  Minimize  𝜆𝑖

𝑘
𝑖=1  𝑓𝑖 𝑥 − 𝑣 𝑖𝑔𝑖(x)  

Subject to hj(x) ≤ 0, j ϵ M, x ϵ S. 

We have the following result on the lines of Geffrion (4) 

Lemma3.2:- if 𝑥  is an optimal solution for (𝐹𝑃)𝑣 
𝜆for some 𝜆 ϵ 𝑅𝑘 with strictly positive components then 𝑥  is 

properly efficient for (FP). 

Under the assumption of (𝜌, 𝑏) −invex, (𝜌, 𝑏) −quasiinvex and (𝜌, 𝑏) −pseudo invex objective and constraint 

functions. We now give a number of sufficient optimality criteria for feasible 𝑥  for (FP) to be properly efficient 

for (FP).  

Theorem3.3:- Let 𝑥  be feasible solution for (FP). Assume that there exists 𝑣  (as given by lemma 3.1), 𝜆  ϵ 𝑅+
𝑘  and 

𝜇 𝑗  ≥ 0 for each 𝑗 𝜖 𝐼 =  (𝑗: 𝑕𝑗 (𝑥 )  =  0) the set of indices of active constraint functions at 𝑥 , such that  

 𝜆𝑖
 𝑘

𝑖=1  ∇𝑓𝑖  𝑥  −  𝑣𝑖 ∇𝑔𝑖 𝑥   +  𝜇 𝑗𝑗∈𝐼 ∇𝑕𝑗  𝑥  = 0 ……………..(3.1) 

Then 𝑥  is properly efficient for (FP) if any of the following holds at 𝑥  with respect to same η, θ and b: 

(a) 𝑓𝑖–  𝑔𝑖  for each 𝑖 𝜖 𝐾 and 𝑕𝑗  for each 𝑗 𝜖 𝐼 are (𝜌𝑖 , 𝑏) –convex, (𝜎𝑖 , 𝑏) –convex and (𝛾𝑗 , 𝑏) – convex   

respectively such that 

  𝜆𝑖
 𝑘

𝑖=1 |𝜌𝑖 + 𝑣𝑖 𝜎𝑖| +  𝜇 𝑗𝑗∈𝐼 𝑕𝑗 𝛾𝑗 ≥ 0 ……………………..(3.2) 

And for all 𝑥 𝜖 𝑋, 𝑏(𝑥, 𝑥 )  >  0 

(b)  𝜆𝑖
 𝑘

𝑖=1  𝑓𝑖 −  𝑣𝑖 𝑔𝑖 𝑖𝑠 (𝜌, 𝑏) – pseudoconvex and hj for each 𝑗 𝜖 𝐼 is (𝛾𝑗 , 𝑏) – quasiconvex such that 

 𝜇 𝑗𝑗 ∈𝐼 𝛾𝑗 +  𝜌 ≥ 0 ………………………………………..(3.3) 

(c)  𝜆𝑖
 𝑘

𝑖=1  𝑓𝑖 −  𝑣𝑖 𝑔𝑖  is (𝜌𝑖 , 𝑏) –pseudoconvex and  𝜇 𝑗𝑗 ∈𝐼 𝑕𝑗  is (𝛾𝑗 , 𝑏) – quasiconvex such that 

𝜌 +  𝛾  ≥ 0 ……………………………………..(3.4) 

Proof: (a) for any feasible x of (FP) and 𝑗 𝜖 𝐼 

𝑕𝑗 (𝑥)  ≤  0 =  𝑕𝑗 (𝑥 ) 

since 𝑕𝑗 , 𝑗 𝜖 𝐼 is (𝛾𝑗 , 𝑏) –convexitywith respect to η, θ at 𝑥 , it follows from above that for 𝑗 𝜖 𝐼 

0 ≥  𝑏𝑗(𝑥, 𝑥 ) [𝑕𝑗(𝑥)  −  𝑕𝑗(𝑥 )]  ≥  (𝑥 − 𝑥 )𝑡  𝛻 𝑕𝑗(𝑥 )  +  𝛾𝑗‖ 𝜃(𝑥, 𝑥 ) ‖2. 

 

As 𝜇 𝑗 ≥ 0 for j ∈ 𝐼 we have 

(𝑥 − 𝑥 )𝑡  𝜇 𝑗
𝑗 ∈1

∇𝑕𝑗 (𝑥 ) +  𝜇 𝑗
𝑗 ∈1

𝛾𝑗║𝜃(𝑥, 𝑥 )║
2

≤ 0 
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on using (3.1) and(3.2), we obtain 

(𝑥 − 𝑥 )𝑡  𝜆 

𝑘

𝑖=1

[𝛻𝑓𝑖(𝑥 )  −  𝜈 𝑖𝑔𝑖(𝑥 )] +  𝜆𝑖
 

𝑘

𝑖=1

[𝜌𝑖 + 𝜈 𝑖 𝜎𝑖]║𝜃(𝑥, 𝑥 )║
2

≥ 0 

Now the (𝜌𝑖 ,b) - convexity of 𝑓𝑖  and the (𝜎𝑖 ,b)- convexity of  𝑔𝑖  give us 

 𝜆𝑖
 

𝑘

𝑖=1

𝑏(𝑥, 𝑥 )[𝑓𝑖(𝑥) − 𝑣𝑖𝑔𝑖(𝑥)] −   𝜆𝑖
 

𝑘

𝑖=1

𝑏(𝑥, 𝑥 )[𝑓𝑖(𝑥 ) − 𝜈 𝑖𝑔𝑖(𝑥 )] ≥ 0 

Since 𝑏(𝑥, 𝑥 )> 0 we get 

 𝜆𝑖
 

𝑘

𝑖=1

[𝑓𝑖(𝑥) −  𝑣𝑖 𝑔𝑖(𝑥)] ≥   𝜆𝑖
 

𝑘

𝑖=1

[𝑓𝑖(𝑥 ) −  𝑣𝑖 𝑔𝑖(𝑥 )] 

This shows that 𝑥  is optimal for (𝐹𝑃)𝑥 
𝜆  since 𝜆𝑖

 > 0 lemma (3.2) shows that 𝑥  is properly efficient for (FP). 

(b) For any feasible x of (FP) 𝑕𝑖(𝑥) ≤ 0 = 𝑕𝑖(𝑥 ) for all 𝑗 ∈ 𝐼. Hence (𝛾𝑗 , 𝑏) − quasi convexity of hi implies 

𝑏(𝑥, 𝑥 )∇(𝑕𝑗 (𝑥 ) (𝑥 − 𝑥 )𝑡  +𝛾𝑗 ║𝜃(𝑥, 𝑥 )║
2≤ 0 

i.e. 𝑏(𝑥, 𝑥 ) t (𝑥, 𝑥 )  𝜇 𝑖𝑖=1 ∇𝑕𝑖(𝑥 )+ 𝜇𝑖 𝑖=1 𝛾𝑖║𝜃(𝑥, 𝑥 )║2≤ 0 

on using (3.1) and(3.3) 

𝑏(𝑥, 𝑥 ) 𝜆𝑖
 𝑘

𝑖=1 [∇𝑓𝑖(𝑥 )- 𝜈𝑖∇𝑔𝑖(𝑥 )](𝑥 − 𝑥 )𝑡  + 𝜌║𝜃(𝑥, 𝑥 )║2≤ 0 

now (𝜌, 𝑏)-pseduoconvexityof  𝜆𝑖
 𝑘

𝑖=1 (𝑓𝑖 − 𝑣𝑖 𝑔𝑖), show that 𝑥  is optimal for (FP)  hence by  

lemma (3.2) 𝑥  is properly efficient for (FP) 

 (c) as in (b)   (𝛾, 𝑏)- quasi convexity of  𝜇 𝑗𝑗 ∈𝐼 𝑕𝑗  implies 

𝑏(𝑥, 𝑥 )   𝜇 𝑗𝑗∈1 ∇𝑕𝑗  𝑥  (𝑥 − 𝑥 )𝑡  + 𝛾║𝜃(x, 𝑥 )  ║2≤ 0 

on using (3.1) and (3.4) we get (3.5) and the rest of the proof follows on the same lines as that of (b) 

Theorem (3.4):- Let 𝑥  be properly efficient for (FP) then there exist  𝜆 ,𝜇  and 𝑣  (as are given by theorem 3.3 ) such 

that (𝑥 , 𝜆 ,𝜇 ,v) statistics(3.1) if, 

∃ some 𝑥 ∈ 𝑆 such that 𝑕𝑗 (𝑥) < 0 for 𝑗 ∈ 𝑀 and if either of the following holds on ‘S’ with respect to same η, 

𝜃and b 

(a) 𝑕𝑗 is (𝛾𝑗 ,𝑏) − convexityfor each j∈ 𝐼 with 𝛾𝑗 ≥ 0 and 𝑏(𝑥, 𝑥 )≥ 0 



 North Asian International Research Journal of Multidisciplinary ISSN: 2454 - 2326 Vol. 2, Issue 9 September 2016 

 
CIF IMPACT FACTOR: 4.465 

 North Asian International research Journal consortium www.nairjc.com 8 

(b) 𝑕𝑗 is (𝛾𝑗 ,𝑏) − pseudo convexityfor each j∈ 𝐼 with 𝛾𝑗 ≥ 0 and 𝑏(𝑥, 𝑥 )> 0 

Proof:  The proof goes on the same lines as that of theorem - 4 and theorem - 5 of sunejaet al,
11

 

4. DUALITY THEOREMS 

             Weir [16] gave the multi - objective analogue of jagannathan[5] and schaible[10] dual for (FP) and 

proved the duality results under the conditions of convexity.  Then after, kaul and lyall
7
 have considered the 

schaible[10]  type dual and proved duality results under the assumptions of η-pseudo convexity, η-strict pseudo 

convexity and η-convexity.  We associate the following schaible type
10

 dual multiple objective maximization 

problem given by kaul and lyall to (FP) 

(FD)  𝑀𝑎𝑥 𝑣 = (𝑣1, 𝑣2 , − − − − − − −, 𝑣𝑘) 

Subject to  𝜆𝑖
𝑘
𝑖=1 [∇𝑓𝑖(𝑢) − 𝑣𝑖𝛻𝑔𝑖(𝑢)] +  𝜇𝑗

𝑘
𝑗 =1 ∇𝑕𝑗 (𝑢) = 0    ………….. (4.1) 

  𝜆𝑖
𝑘
𝑖=1 [𝑓𝑖(𝑢) − 𝑣𝑖𝑔𝑖(𝑢)] ≥ 0     …………………(4.2) 

  𝜇𝑗
𝑚
𝑗 =1 𝑕𝑗  𝑢 ≥ 0………………. (4.3) 

Where 𝑢 ∈ 𝑆,𝑣,λ∈ 𝐼 𝑅𝑖
𝑘  and 𝜇𝜖 𝑅𝑗

𝑚  

            Now we give various duality theorems between programmers (FP) and (FD) under the  

assumptions of (𝜌,b)- convexity and its generalizations on the objective and constraint functions. 

Theorem-4.1(weak duality)-Assume that for all feasible x for (FP) and for all feasible (𝑢, λ, 𝜇, 𝑣)  

for (FD) either of the following holds at u on x with respect to the same η,𝜃and b. 

Theorem-4.3(converse duality) 

Let (𝑢 ,𝜆 , 𝜇 , 𝑣 ) be feasible for (FD) and that there exists a feasible solution 𝑥  for (FP) such that 

 𝜆𝑖
 𝑘

𝑖=1 [𝑓𝑖(𝑥 )  −  𝜈 𝑖𝑔𝑖(𝑥 )] = 0   …………………………………………………. (4.7) 

Then 𝑥   is properly efficient for (FP) if either of the following holds at 𝑢  with respect to X and the same 𝜂,𝜃 and 

b; 

(a) 𝑓𝑖 − 𝑔𝑖  for 𝑖 ∈ 𝑘 and hj for each j∈M are (𝜌𝑖 ,𝑏) − convexity (𝜎𝑖 ,b) - convexityand (𝛾𝑗 , 𝑏) − convexity 

respectively such that 

 𝜆 𝑘
𝑖=1 (𝜌𝑖  +𝑣 𝑖𝜎𝑖)+ 𝜇 𝑘

𝑖=1 𝑗
𝛾𝑗 ≥ 0 

(i) 𝑓𝑖 −  𝑔𝑖  for each 𝑖 ∈  𝐾 and hj for each 𝑗 ∈  𝑀 are(𝜎𝑖 , 𝑏) – convexity,(𝜌𝑖 , 𝑏)  − convexity and  

(ii) (𝛾𝑖 , 𝑏)  −convexity respectively such that  
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 𝜆𝑖
𝑘
𝑖=1 ( 𝜌i+ 𝜐iσi)+ 𝜇 𝑖𝛾𝑗

𝑚
𝑗 =1 ≥0 

And for all 𝑥 ∈  𝑋, 𝑏 (𝑥, 𝑥 )  > 0 

(iii)  𝜆𝑖
𝑘
𝑖=1 (𝑓𝑖 , 𝜐𝑖𝑔𝑖) is (𝜌 , 𝑏) −pseudo convexityand  𝜇𝑖

𝑚
𝑗=1 𝑕𝑗  is (𝛾, 𝑏)  − quasiconvexity 

Such that  

𝜌 + 𝛾 ≥ 0 

  Then  𝑄(𝑋)  ≤ 𝑉 

Proof :- (i) From the respective definitions of (𝜌, 𝑏) – convexity,(𝜎, 𝑏)  −convexity and  

(𝛾, 𝑏)  −convexity of  𝑓𝑖 −  𝑔𝑖  and 𝑕𝑗  we get 

𝑏 (𝑥, 𝑢)  𝜆𝑖

𝑘

𝑖=1

[𝑓𝑖(𝑥)  −  𝑣𝑖𝑔𝑖(𝑥)]  

≥ 𝑏 (𝑥, 𝑢)  𝜆𝑖

𝑘

𝑖=1

[𝑓𝑖(𝑢)  −  𝑣𝑖𝑔𝑖(𝑢)] +  𝜆

𝑘

𝑖=1

[𝛻𝑓𝑖(𝑢)  −  𝛻𝑔𝑖(𝑢)] (𝑥 − 𝑢)𝑡

+  𝜆𝑖

𝑘

𝑖=1

║𝜃(𝑥, 𝑢)║
2

(𝜌𝑖 +  𝑣𝑖𝜎𝑖) ≥  𝜇𝑖

𝑚

𝑗 =1

[𝛻𝑕𝑗 (𝑢)  (𝑥 − 𝑢)𝑡 + 𝛾𝑗║𝜃(𝑥, 𝑢)║
2
 

(on using the duality constraints (4,1) and(4,2).(4,4) and 𝑏(𝑥, 𝑢)  > 0) 

≥ − 𝜇𝑖
𝑚
𝑗 =1 𝑏 𝑥, 𝑢  𝑕𝑗 − 𝑕𝑗  𝑡    from (𝛾𝑗 ,𝑏) − convexity of 𝑕𝑗 ) 

Since 𝑏(𝑥, 𝑢)  > 0 on applying (4,3) and the duality constraint of (FP)we obtain 

 𝜆𝑖

𝑘

𝑖=1

[𝑓𝑖(𝑥)  − 𝑣𝑖𝑔𝑖(𝑥)]  ≥ 0 

Now suppose contrary to the result of the theorem hold i.e., 𝑄(𝑥)  ≤ 𝑣. then there exist some𝑗 ∈  𝑘 such that 

𝑄𝑖(𝑥)  < 𝑣i   for all 𝑖 𝜖 𝑘 which gives 𝑓𝑗 −  𝑣𝑗 𝑔𝑗 (𝑥)  < 0 for some 𝑗 ∈  𝑘 and 

𝑓𝑖(𝑥)  −  𝑣𝑖𝑔𝑖(𝑥)  ≤ 0 for all 𝑖 ∈  𝑘 

Since λi> 0,    𝜆𝑖
𝑘
𝑖=1 [𝑓𝑖(𝑥)  −  𝑣𝑖𝑔𝑖(𝑥)] < 0 

Which contradicts (4,6) 

(ii)Since x is feasible for (FP) ,u is feasible to (FD) and 𝜇 ≥ 0 for all 𝑗 ∈  𝑀 we have 
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 𝜇𝑗
𝑚
𝑗 =1 𝑕 𝑗 (𝑥)  ≤  𝜇𝑗

𝑚
𝑗=1 hj(x) 

The (𝛾,b) quasiconvexity of  𝜇𝑗
𝑚
𝑗 =1 hj gives 

𝑏 𝑥, 𝑢  𝜇𝑗
𝑘
𝑗 =1 ∇ 𝑕 𝑗 (𝑢)  (𝑥 − 𝑢)𝑡  + 𝛾║𝜃(𝑥, 𝑢)║

2 ≤ 0
 

On using the duality constraint (4.1)and(𝜌 , 𝑏 ) −pseudoconvexity 

 𝜆 𝑖
𝑘
𝑖 =1 (fi− 𝑣 𝑖 𝑔 𝑖 (𝑥 )  ≥  𝜆 𝑖

𝑘
𝑖 =1 (𝑓 𝑖 − 𝑣 𝑖 𝑔 𝑖 )( 𝑢 ) 

i.e., 𝜆 𝑖
𝑘
𝑖 =1 (𝑓 𝑖 −  𝑣 𝑖 𝑔 𝑖 ) (𝑥 )  ≥ 0from(4.2) 

The rest of the proof follows on the same lines as that of (i) 

Theorem4.2:- (Strong duality-assume (*) of theorem 3.4 and that either of the following holds on   

S with respect to same 𝜃  and b 

(a)(i)Theorem (4.1) with 𝛾 𝑗 ≥ 0 for each 𝑗 ∈ 1 

(b) 𝜆 𝑖
𝑘
𝑖 =1 (𝑓 𝑖 −  𝑣 𝑖 𝑔 𝑖 ) is (𝜌 , 𝑏 ) − pseudo convex and  𝜇 𝑗

𝑚
𝑗 =1 hj is (𝜎 , 𝑏 )-quasi convex such that  

𝜌 + 𝜎 ≥ 0and for each 𝑗  ∈ 1, 𝑕 𝑗  is (𝛾 𝑖 ,𝑏 )-quasi convex with𝛾 𝑖 ≥ 0 

Then it is properly efficient for (FD) then there exist λ,𝜇   and 𝑣 (as are given by theorem 3.1)such  

that ( 𝜆 ,   𝜇 , 𝑣 ) is properly efficient for (FD)and the objective values of (FP) and(FD) are equal. 

Proof:-  

From theorem 3.4 there exist λi> 0, 𝑖 ∈ 𝑘 , 𝜇 𝑗    ≥ 0,jϵ 1, 𝑣 𝑖     ≥ 0, 𝑖 ∈ 𝑘  such that (3.1) is satisfied  

(where 𝑣 𝑖     is given as lemma 3.1) setting 𝜇 𝑖    =0 for j∈ 1 gives that (𝑥 , 𝜆 ,   𝜇 ,𝑣 ) is feasible for (FD) 

 Suppose that (𝑥 , 𝜆 ,   𝜇 , 𝑣 ) is not efficient is not efficient for (FD) then there exists (u,𝜆 , 𝜇 , 𝑣 )  

feasible for (FD) and an index j such that 𝑣 𝑗    < 𝜐 j  and𝑣 𝑖    < 𝜐 i) for all i≠ 𝑗  for for iϵ k since   

𝑄 𝑖 (𝑥 )  =  𝑣 𝑖     we get a contradiction to weak duality theorem4.1 

         Now suppose that (𝑥 , 𝜆 ,   𝜇 ,𝑣 ) is not properly efficient for (FD) by following exactly on the  

same lines as that of theorem (7) of Edugo and Hanson we get again a contradiction to the weak  

duality.  Theorem 4.1 hence (𝑥 , 𝜆 ,   𝜇 ,𝑣 ) is property efficient for (FD) 

      The equality of objective functions (FP) and (FD) follows from𝑄 𝑖 (𝑥 )  =  𝑣 𝑖      𝑓𝑜𝑟  𝑖  ∈  𝑘  
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(b)The proof follows on the same lines as that of  

(a) of the theorem 

Theorem4.3:- (Converse duality)-Let (𝑢 ,𝜆 ,   𝜇 ,𝑣 ) be feasible for (FD) and that there exists a feasible solution (𝑥 ) 

for (FP) such that 

 𝜆 𝑖    𝑘
𝑖 =1 [𝑓 𝑖 (𝑥 )-𝑣 𝑖    𝑔 𝑖 (𝑥 )]=0 

Then 𝑥  is properly efficient for (FP) if either of the following holds at 𝑢  with respect to x and the same,𝜃  and b 

(a) fi , - gi for i∈ 𝑘  and hj for each j∈ 𝑀 are(𝜌 𝑖 ,b)-convex, (𝜎 𝑖 ,b)-invex and (𝛾 𝑗 ,𝑏 )  − convex respectively 

such that 

 𝜆 𝑖
𝑘
𝑖 =1 (𝜌 𝑖 +𝑣 𝑖    𝜎 𝑖 )+ 𝜇 𝑗    𝑘

𝑖 =1 𝛾 𝑗 ≥ 0 

(b)Theorem 4.1 

 Proof:-(a)By following on the similar lines as that of theorem 4.1 we get 

 𝜆 𝑖    𝑘
𝑖 =1 [𝑓 𝑖 (𝑥 )  −  𝑣 𝑖    𝑔 𝑖 (𝑥 )] ≥ 0 

 

On using (4.7) and lemma (3.2) we conclude that 𝑥  is properly efficient for (FP) 

 

(b)The proof is similar as that of (a)of the theorem 
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