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ABSTRACT: 

The Stufe and Pythagoras number of fields and rings are well known invariants in the 

study of sums of squares. We introduced a related notion of Unit Stufe for commutative 

rings with identity and compute the unit Stufe of 𝒁/𝒏𝒁,  where 𝒁/𝒏𝒁 denotes the ring of 

integer modulo the number𝒏. 
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1 INTRODUCTION: 

The study of sums of squares and more generally of sums of 𝑛𝑡ℎ power has one of 

the longest history beginnings with Pythagoras Theorem. One can say Lagrange’s 

Four Squares Theorem, E.Artin’s proof of Hilbert’s 17th Problem Pfister’s Structure 

Theorems are some of the important landmarks in the subject. This has lead to 

systematic study of two field quadratic invariants Stufe and Pythagoras number of 

fields. The Stufe of a field 𝐹, denoted by 𝑠(𝐹), is defined to be the smallest positive 

integer 𝑠 such that-1 is a sum of 𝑠- squares of elements in 𝐹. When no such 𝑠 exists, 

that is, if 𝐹 is formally real, we take 𝑠(𝐹)  =  ∞. Pfister’s results on the Stufe of 

fields were a major breakthrough: if 𝑠(𝐹) is finite then it is a power of 2 and all 2-

powers occur as Stufe of suitable fields. 

For higher powers, this problem is related to the classical Waring problem: 

Given a positive integer 𝑘, every positive integer is a sum of 𝑟 number of 𝑘𝑡ℎ power 

of positive integers, for some 𝑟 depending only on 𝑘. The smallest such 𝑟 is 

traditionally denoted by 𝑔(𝑘) has been computed explicitly for all 𝑘 ≠ 4.The 

related problem is the Waring problem mod 𝑛: computation of 𝑔(𝑘,𝑛) when 𝑔(𝑘,𝑛) 
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is the smallest integer 𝑟 such that every integer is a sum of 𝑟 number of 𝑘𝑡ℎ power 

mod 𝑛. 𝑔(𝑘,𝑛) was introduced and investigated by C. Small.  

Definition: Let  𝐴beacommutative ring with identity 1 ≠ 0. For 𝑘 ≥  2, 𝑠(𝑘,𝐴) 

and   𝑠𝑢(𝑘,𝐴) are defined as follows:  

𝑠(𝑘,𝐴)  =  𝑚𝑖𝑛{𝑠 ∶  −1 =   𝑎1
𝑘  +··· + 𝑎𝑠

𝑘 , 𝑎𝑖 ∈  𝐴 𝑓𝑜𝑟 1 ≤  𝑖 ≤  𝑠} 

𝑠𝑢(𝑘,𝐴)  =  𝑚𝑖𝑛{𝑡 ∶  −1 =  𝑎1
𝑘  +··· +𝑎𝑡

𝑘 , 𝑎𝑖 ∈  𝑈(𝐴) 𝑓𝑜𝑟 1 ≤  𝑖 ≤  𝑡} 

where 𝑈(𝐴) denotes the multiplicative group of units of 𝐴.  

If 𝑘 =  2, then𝑠(𝑘,𝐴)and 𝑠𝑢(𝑘,𝐴) are the Stufe and the Unit Stufe of the 

ring of 𝐴.Unit Stufe was defined and evaluated when 𝐴 =  𝑍𝑛 , the ring of integers 

mod 𝑛. We have investigated 𝑠(𝑘,𝐴) when 𝑘 =  4 and 𝐴 =  𝑍𝑛 . Note that when 

𝑘 ≥  3 and 𝑘 odd, 𝑠(𝑘,𝑍𝑛)  =  𝑠𝑢(𝑘,𝑍𝑛)  =  1. We have done the computation of 

𝑠𝑢 (4,𝑍𝑛 ). We write 𝑠(𝑘,  𝑍𝑛)and 𝑠𝑢(𝑘,  𝑍𝑛 ) simply as 𝑠(𝑘, 𝑛) and𝑠𝑢(𝑘,

𝑛) respectively. 

Now we can define as:  

𝑔(𝑘,𝑛)

= 𝑚𝑖𝑛{𝑠: 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑍𝑛  𝑖𝑠 𝑎 𝑠𝑢𝑚 𝑜𝑓 𝑠 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑘𝑡𝑕 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 In 𝑍𝑛 } 

 and so clearly 𝑠(𝑘,𝑛)  ≤  𝑔(𝑘,𝑛)and 𝑠(𝑘,𝑛)  ≤  𝑠𝑢(𝑘,𝑛).  

We first give an account of certain bounds for 𝑔(𝑘,𝑝), for odd primes 𝑝, obtained 

in [2].  

Let𝑝be an odd prime. Then 𝐺 =  𝑍𝑝
∗ =  𝑈(𝑍𝑝) is a cyclic group of order 

𝑝 − 1. Let 𝑔 be a generator for 𝐺. Put 𝑢 =  𝑝 − 1and 𝑙 =  (𝑢, 𝑘). 

Let 𝐺𝑘 =  {𝑥𝑘  |𝑥 ∈  𝐺} and 𝑘𝐺 =  {𝑥|𝑥𝑘  =  1}. Then, 𝐺𝑘 ≅  𝐺/𝑘𝐺. Also 

|𝑘𝐺|  =  |𝑙𝐺|  =  𝑙. Hence, we have [𝐺 ∶  𝐺𝑘 ]  =  𝑙.  

If 𝐺𝑖  =  {𝑥 ∈  𝐺|𝑥 𝑖𝑠 𝑎 𝑠𝑢𝑚 𝑜𝑓 𝑖 𝑘𝑡𝑕 𝑝𝑜𝑤𝑒𝑟𝑠 𝑖𝑛 𝑍𝑝}, then, 

i) 𝐺𝑘  =  𝐺1 ⊆ 𝐺2 ⊆. . . ;  𝐺 =∪ 𝐺𝑖 .  
ii) 𝐺𝑖 =  𝐺𝑖+1 implies 𝐺𝑖 =  𝐺𝑖+𝑗  for all 𝑗 ≥  1. 

iii) 𝐺𝑖 ⊊ 𝐺𝑖+1 implies |𝐺𝑖+1|  ≥  |𝐺𝑖 |  +  |𝐺𝑘 | = |𝐺𝑖 |  +  
𝑢

𝑙
 .  

iv)  there are atmost 𝑙 −  1 strict containments in (i) and so, we have, 

𝐺𝑘 = 𝐺1 ≤ 𝐺2 ≤. . .≤ 𝐺𝑖  = 𝐺𝑖+1  =... and further 𝐺 =  𝐺𝑖  implies 

𝑔(𝑘,𝑝)  ≤  𝑙. 
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Proposition 1: 𝑔(𝑘,𝑝)  ≤  𝑙 =  [𝐺 ∶  𝐺𝑘 ]. Consequently,  

(1) 𝑔(𝑘,𝑝)  =  𝑔(𝑙,𝑝) 

 (2) 𝑔(𝑘, 𝑝)  =  𝑙 when 𝑙 =  1,2,
𝑢

2
,𝑢.  

For the prime 𝑝 the other value of 𝑘 are termed as “𝑘 relevant for 𝑝” and for 

such values of 𝑘, the following proposition gives bounds for 𝑔(𝑘, 𝑝).  

For a fixed 𝑟 ≥  1 and 0 ≠  𝑏 ∈ 𝑍𝑝 , let 𝑁(𝑟, 𝑏) denotes the number of 

solutions to the equation 𝑥1
𝑘 + ···  + 𝑥𝑟

𝑘  =  𝑏where 𝑘is relevant for 𝑝.  

Proposition 2: |𝑁(𝑟,𝑝)  − 𝑝𝑟−1|  ≤ (𝑘 − 1)𝑟𝑝
𝑟−1

2  .  

Consequently 𝑁(𝑟,𝑝)  ≥ 𝑝𝑟−1 − (𝑘 − 1)𝑟𝑝
𝑟−1

2 .Hence 𝑁(𝑟,𝑝)  >  0 

provided  𝑝𝑟−1 > (𝑘 − 1)𝑟𝑝
𝑟−1

2   .i.e., if 𝑝 > (𝑘 − 1)
2𝑟

𝑟−1. Since 𝑔(𝑘,𝑝) is clearly the 

smallest 𝑟 for which 𝑁(𝑟, 𝑏)  >  0 for all 𝑏, we have for relevant 𝑘. 

Proposition 3: i) 𝑔(𝑘,𝑝)  ≤  2    𝑖𝑓    𝑝 > (𝑘 − 1)4.  

ii) 𝑔(𝑘,𝑝)  ≤  3    𝑖𝑓     𝑝 > (𝑘 − 1)3 . 

iii) 𝑔(𝑘,𝑝)  ≤  𝑟      𝑖𝑓    𝑝 > (𝑘 − 1)
2𝑟

𝑟−1 . 

𝑖𝑣)𝑔(𝑘,𝑝)  ≤  [
𝑘

2
]     𝑖𝑓     𝑝 > (𝑘 − 1)2[

𝑘

2
]/[

𝑘

2
]+1.  

Due to a theorem of Vaspor, we have: 

Proposition 4: If 𝑙 ≠  
𝑢

2
 , 𝑢,then 𝑔(𝑘,𝑝)  =  𝑔(𝑙,𝑝)  =  [

𝑖

2
]  +  1.  

We now come to the computation of 𝑠(𝑘,𝑝) for odd primes 𝑝. We observe that 

𝑠(𝑘, 𝑝)  =  𝑠𝑢(𝑘,𝑝),since every non-zero elements in 𝑍𝑝 is a unit. Note that 

𝑠(𝑘, 2)  =  1for all𝑘 ≥  1. For odd primes 𝑝, we consider different cases: 

Case (1):  𝑝 ≡  1(𝑚𝑜𝑑 8). 

In this case 𝐺 =  𝑍𝑝
8 =  (𝑔) is a cyclic group of order 𝑢 =  𝑝 −  1 =  8𝑚, say. 

Then 𝑔8𝑚 =  (𝑔4𝑚 )2 =  1 and so 𝑔4𝑚  =  −1 and so −1 is a 4th power proving 

𝑠(4,𝑝)  =  𝑠𝑢(4,𝑝)  =  1. 

Case (2):   𝑝 ≡  5(𝑚𝑜𝑑 8). 
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Now𝑙 =  (4, 𝑝 − 1)  =  4.If 𝑠(4,𝑝)  =  1, then −1 most be a 4th power and so, 

−1 = 𝑔
𝑝−1

2  = 𝑔4𝑙 , where 𝑔is the generator for 𝐺 =  𝑍𝑝
∗ .This implies, on squaring 

𝑝 − 1 divides8𝑙which is a contradiction, since 𝑝 ≡  5 (𝑚𝑜𝑑 8). Thus 𝑠(4,𝑝)  ≥  2. 

Now by Proposition 3,    𝑔(4,𝑝)  ≤  2    𝑖𝑓   𝑝 > (𝑘 − 1)4  =  81. Consequently, 

𝑠(4,𝑝)  =  2 for primes 𝑝 such that 𝑝 >  81. Hence, we need to compute the value 

of𝑠(4,𝑝)for the primes 5,13,29,37,53,61. It can be established (also shown in [2]) 

that the value of 𝑠(4,𝑝)is 4 for 𝑝 =  5 and 3 for𝑝 =  29and in all other cases it is 

2.  

Case (3): 𝑝 ≡  3(𝑚𝑜𝑑4).  

Since −1 is not a square mod 𝑝, it is not a 4th power either and so 𝑠(4,𝑝)  ≥  2. 

Now 𝑙 = (𝑘, 𝑝 − 1)  =  (4, 𝑝 − 1)  =  2. Now by proposition1,𝑔(4,𝑝)  ≤  𝑙 =

 2which implies(4,𝑝) ≤ 2.Hence𝑠(4, 𝑝) = 2.Thus, we have established: 

Theorem1: For any prime𝑝,  

𝑠𝑢 4, 𝑝 = 𝑠 4,𝑝 =  

1                𝑖𝑓    𝑝 = 2      𝑜𝑟    𝑖𝑓        𝑝 ≡ 1 𝑚𝑜𝑑 8 

2      𝑖𝑓  𝑝 ≡ 3 𝑚𝑜𝑑  4    𝑜𝑟  𝑝 ≡ 5 𝑚𝑜𝑑 8 ,𝑝 ≠ 5, 29
3      𝑖𝑓 𝑝 = 29 ,            4      𝑖𝑓            𝑝 = 5.

  

We now compute𝑠(4,𝑛) when𝑛isapowerofaprime.  

Theorem2:Let𝑝be an odd prime. Then𝑠(4,𝑝𝑒) = 𝑠(4,𝑝)forall𝑒 ≥ 1. 

𝐏𝐫𝐨𝐨𝐟:Toprovethe theorem, it sufficient toestablishthat:−1isasumof𝑡4th 

powersin𝑍𝑝𝑒 ifandonlyif−1isasumof𝑡4thpowers in𝑍𝑝𝑒+1 . 

Then at uralmap𝜑:𝑍𝑝𝑒+1 → 𝑍𝑝𝑒  takes4thpowersto4thpowersand𝜑(−1) = −1. 

Hence𝑠(4,𝑝𝑒) ≤ 𝑠(4,𝑝𝑒+1). 

On the other hand, suppose𝑠(𝑍𝑝𝑒) = 𝑡.Then, we have−1 ≡ 𝑎1
4 +··· +𝑎𝑡

4(𝑚𝑜𝑑 𝑝𝑒) 

forsome𝑎𝑖 ∈ 𝑍.Clearlythereexistsome𝑖 suchthat𝑝 ∤ 𝑎𝑖andsowecansuppose 

(𝑝, 2𝑎) = 1.Then(𝑝, 4𝑎1
3) = 1andsothereexist𝑥,𝑦 ∈ 𝑍suchthat𝑥𝑝 + 4𝑎𝑖

3𝑦 = 1. 

Now, 

𝑎1
4 +··· +𝑎𝑡

4 = −1 + 𝑞𝑝𝑒 , forsome𝑞 ∈ 𝑍 

= −1 + 𝑞𝑝𝑒(𝑥𝑝 + 4𝑎1
3𝑦) Andso  

 𝑎1 − 𝑞𝑝𝑒𝑦 4 + 𝑎2
4 +··· +𝑎𝑡

4

= −1 + 𝑎𝑝𝑒𝑥𝑝 + 4𝑞𝑝𝑒𝑎1
3𝑦 + {−4𝑎1

3𝑞𝑝𝑒𝑦 + 6𝑎1
2𝑞2𝑝2𝑒𝑦2

− 4𝑎1
2𝑞3𝑝3𝑒𝑦3 + 𝑞3𝑝3𝑒𝑦3}  ≡ −1(𝑚𝑜𝑑 𝑝𝑒+1). 
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Hence𝑠(4,𝑝𝑒+1) ≤ 𝑠(4,𝑝𝑒)and the rebyproving the equality. Now the theorem 

follows.  

We now consider the𝑠(4,𝑛)whennisapowerof2.Aneasycomputationgives: 

𝑠 4, 2𝑒 = 𝑠𝑢 4, 2𝑒 =  

1  𝑖𝑓  𝑒 = 1
3  𝑖𝑓   𝑒 = 2

7  𝑖𝑓   𝑒 = 3   𝑎𝑛𝑑 15  𝑖𝑓   𝑒 = 4.

  

Let𝑒 ≥ 5.Wenotethat𝑚 ∈ 𝑍isa4thpowermod2𝑒 , then,𝑚 ≡ 0, 1(𝑚𝑜𝑑16). 

Thegroup𝑈2𝑒ofunitsof𝑍2𝑒  isgivenby𝑈2𝑒 = {±5𝑖(𝑚𝑜𝑑 2𝑒)|0 ≤ 𝑖 < 2𝑒−2}. 

These quaresin𝑈2𝑒  astheevenpowersof5(𝑚𝑜𝑑 2𝑒)andthefourthpowersin𝑈2𝑒  

arethe4thpowersof5(𝑚𝑜𝑑 2𝑒). 

The number of 4th powers of 5 (𝑚𝑜𝑑 2𝑒) is equal to the number of integers 

𝑚, such that 𝑚 ≡  1(𝑚𝑜𝑑16) with 0 ≤  𝑚 ≤  2𝑒 . Each 𝑚,   0 ≤  𝑚 ≤  2𝑒  with 

𝑚 ≡ 1(𝑚𝑜𝑑16)is a 4th power of a unit in 𝑍2𝑒 . Now (2𝑒 − 15) + 14(1)  =  2𝑒 −

1 ≡  −1(𝑚𝑜𝑑 2𝑒), and so 𝑠(4, 2𝑒)  =  𝑠𝑢(4, 2𝑒)  =  15, since 2𝑒 − 15 is a 4th 

power of a unit in 𝑍2𝑒 . Thus we have proved: 

Theorem 3: 

𝑠𝑢(4, 2𝑒)  =  𝑠(4, 2𝑒)  =   

1  𝑖𝑓  𝑒 = 1
3  𝑖𝑓  𝑒 = 2

7   𝑖𝑓 𝑒 = 3  𝑎𝑛𝑑  15  𝑖𝑓 𝑒 ≥ 4

  

We now use Chinese Remainder Theorem to compute 𝑠(4,𝑛) for all 𝑛. We prove:  

𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒: Let 𝑛 =  𝑝1
𝑒1  ··· 𝑝𝑟

𝑒𝑟  denotes the canonical representation of 𝑛 into 

product of distinct primes. Then, 𝑠(4,𝑛)  =  𝑚𝑎𝑥{𝑠(4,𝑝1
𝑒1 ),··· , 𝑠(4,𝑝𝑟

𝑒𝑟 )}.  

Proof:By Chinese Remainder Theorem, we have, 𝑍𝑛 ≅  𝑍
𝑝𝑖
𝑒𝑖

𝑟
𝑖=1 .  

If −1 ≡ 𝑎1
4 +∙∙∙ +𝑎𝑡

4(𝑚𝑜𝑑 𝑛)then −1 ≡ 𝑎1
4 +··· +𝑎𝑡

4(𝑚𝑜𝑑 𝑝𝑖
𝑒𝑖  ) and so clearly 

𝑠(4,𝑝𝑖
𝑒𝑖)  ≤  𝑠(4,𝑛).  

Let 𝑠 =  𝑚𝑎𝑥{𝑠(4,𝑝1
𝑒1  ),··· , 𝑠(4,𝑝𝑟

𝑒𝑟  )},let 𝑠𝑖  =  𝑠(4,𝑝𝑖
𝑒𝑖) . There exist 𝑎𝑖 ,𝑗 for 

1 ≤  𝑖 ≤  𝑟, 1 ≤  𝑗 ≤  𝑠(by taking some 𝑎𝑖 ,𝑗  =  0, if necessary) such that   

−1 ≡   𝑎𝑖 .𝑗
4𝑠

𝑗=1 (𝑚𝑜𝑑 𝑝𝑖
𝑒𝑖  ), 1 ≤  𝑖 ≤  𝑟. Using the Chinese Remainder Theorem, 

we can choose 𝑥𝑗 ∈  𝑍, for 1 ≤  𝑗 ≤  𝑠 such that 𝑥𝑗 ≡ 𝑎𝑖𝑗 (𝑚𝑜𝑑 𝑝𝑖
𝑒𝑖  ),  1 ≤  𝑖 ≤

 𝑟. Then 𝑥1
4  + ···  + 𝑥𝑠

4 ≡  𝑎𝑖𝑗
4𝑠

𝑗=1 ≡ −1(𝑚𝑜𝑑 𝑝𝑖
𝑒𝑖  ) for all 𝑖,   1 ≤  𝑖 ≤  𝑟 and so 
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𝑥1
4  + ···  + 𝑥𝑠

4 ≡ −1(𝑚𝑜𝑑 𝑛). Thus 𝑠(4,𝑛)  ≤  𝑠.Hence 𝑠(4,𝑛)  =  𝑠and this 

proves the Theorem.  

Theorem 5: The value of 𝑠(4,𝑛) is one of the following: 1,2,3,4,7,15.  

Further study: By continuing the above investigation we next undertake the 

computation of𝑠𝑢(4,𝑛). 
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