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Abstract

The Stufe and Pythagoras number of fields and rings are well known
invariants in the study of sums of squares. We introduced a related notion
of Unit Stufe for commutative rings with identity and compute the unit
Stufe of Z/nZ, where Z/nZ denotes the ring of integer modulo the number
n.
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1 Introduction:

The study of sums of squares and more generally of sums of n'* power has
one of the longest history beginning with Pythagoras Theorem. One can say
Lagrange’s Four Squares Theorem, E.Artin’s proof of Hilbert’s 17th Problem
Pfister’s Structure Theorems are some of the important landmark in the sub-
ject. This has lead to systematic study of two field quadratic invariants Stufe
and Pythagoras number of fields. The Stufe of a field F, denoted by s(F), is
defined to be the smallest positive integer s such that -1 is a sum of s- squares
of elements in F'. When no such s exists, that is, if F'is formally real, we take
s(F) = oo. Pfister’s results on the Stufe of fields were a major breakthrough: if
s(F) is finite then it is a power of 2 and all 2-powers occur as Stufe of suitable
fields.

For higher powers, this problem is related to the classical Waring problem: Given
a positive integer k, every positive integer is a sum of r number of k" power of
positive integers, for some r depending only on k. The smallest such r is tradi-
tionally denoted by g(k) has been computed explicitly for all k ## 4. The related
problem is the Waring problem mod n: computation of g(k,n) when g(k,n) is
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the smallest integer r such that every integer is a sum of r number of k' power
mod n. g¢(k,n) was introduced and investigated by C. Small.

Definition : Let A be a commutative rind’with identity 1 # 0. For k > 2, s(k, A)
and s,(k, A) are defined as follows:

s(k,A) =min{s: —1=af+---+af, a, € A for 1 <i<s}

su(k, Ay =min{t: —1=af +---+af, a;, € U(A) for 1 <i <t} where
U(A) denotes the multiplicative group of units of A.

If k=2, thens(k,A) and s,(k, A) are the Stufe and the Unit Stufe of the
ring of A. Unit Stufe was defined and evaluated when A = Z,, the ring of
integers mod n, in [7]. We have investigated s(k, A) when k = 4 and A = Z,.
Note that when k& > 3 and k odd, s(k,Z,) = s,(k,Z,) = 1. We have done the
computation of s,(4,7Z,). We write s(k,Z,) and s,(k,Z,) simply as s(k,n) and
su(k,n) respectively.

Now we can defined as:
g(k,n) = min{s : every element of Z,

is a sum of s number of kth powers of elements in Z,}
and so clearly s(k,n) < g(k,n) and s(k,n) < s,(k,n).

We first give an account of certain bounds for g(k, p), for odd primes p, obtained
in [2].

Let p be an odd prime. Then G = Z; = U(Z,) is a cyclic group of order p — 1.
Let g be a generator for G. Put u=p — 1 and [ = (u, k).

Let GF = {2 |2z € G} and .G = {z|2* = 1}. Then, G* = G/,G. Also
|G| = ;G| = I. Hence, we have [G : G*] = L.

If G; ={r € G|z is asum of i kth powers in Z,}, then,

ii) G; = G4 implies G; = G4 for all 7 > 1.
iii) G; C G,y implies |G, 1| > |Gi| + |G*| = |G;] + %

iv) there are atmost [ — 1 strict containments in (i) and so, we have,

GF=G, <Gy < ... <G =Gy = ... and further G = G; implies g(k, p) < I.

Proposition 1: g(k,p) (G : G*]. Consequently,

<l=
(1) g(k,p) = g(l,p)
(2) g(k,p) = when [ = 1,2, gu
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For the prime p the other value of k are? termed as “k relevant for p” and for
such values of k, the following proposition gives bounds for g(k, p).

For a fixed » > 1 and 0 # b € Z,,, let N(r,b) denotes the number of solutions to
the equation z§ + -+ - 4+ 2% = b where £ is relevant for p.

r—1

Proposition 2: |[N(r,p) —p" Y <(k—-1)p=.
Consequently N(r,p) > p"' — (k — l)rpr‘_zl. Hence N(r,p) > 0
r— _2r
provided p" 1 > (k — 1)?";,071 e, if p> (k— 1)1, Since g(k,p) is clearly the
smallest r for which N(r,b) > 0 for all b, we have for relevant k:
Proposition 3: i) g(k,p) < 2ifp > (k— 1)
i) g(k,p) <3ifp> (k—1)%

2r

iii) g(k,p) <rifp > (k—1)77.

iv) g(k,p) < (5] if p > (k — 1)2)/ (51D,
Due to a theorem of Vaspor, we have:

Proposition 4: If [ # g,u, then g(k,p) = g(l,p) = [§] + 1.
We now come to the computation of s(k,p) for odd primes p. We observe that

s(k,p) = su(k,p), since every non-zero elements in Z, is a unit. Note that
s(k,2) =1 for all k > 1. For odd primes p, we consider different cases:

Case(i): p = 1(mod 8).
In this case G = Z; = (g) is a cyclic group of order u = p — 1 = 8m, say.
Then ¢*" = (¢"™)? = 1 and so ¢g"™ = —1 and so —1 is a 4™ power proving
S(4,p) = Su(4rp) =L

Case(2): p =5 (mod ).

Now [ = (4,p— 1) = 4. If s(4,p) = 1, then —1 most be a 4" power and so,
-1 = gp_gl = g* where g is the generator for G = Z,. This implies, on squaring
p — 1 divides 81 which is a contradiction, since p = 5 (mod 8). Thus s(4,p) > 2.
Now by proposition 3, g(4,p) < 2if p > (k —1)* = 81. Consequently, s(4,p) = 2
for primes p such that p > 81. Hence we need to compute the value of s(4,p) for
the primes 5, 13,29, 37,53,61. It can be established (also shown in [2]) that the
value of s(4,p) is 4 for p = 5 and 3 for p = 29 and in all other cases it is 2.

Case(3): p = 3(mod 4).

Since —1 is not a square mod p, it is not a 4" power either and so s(4,p) > 2.
Now [ = (k,p—1) = (4,p — 1) = 2. Now by proposition 1, g(4, p) <! = 2 which
implies s(4, p) < 2. Hence s(4, p) = 2. Thus we have established:

We now come to the computation of s(6,p) for odd primes p, we observe
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that s(6,p) = s.(6,p), since every non zero element in Z, is a unit. Note that
s(k,2) = 1 for all & > 1. For odd prime p we consider different cases for the
computation of s(6,p).

Theorem 1: For any prime p # 2,3  we have s,(6, p)

1) 1if p=1(modd),

i) 24if p=11(modl2),

iii) 2 if p="T(modl2),p > 625
iv) 2 if p=19,43,103,127, 151,
v) 3 for p=67,79,139,223,
vi) 4 if p=31,
vil) 6 if p="T.

Proof: Let p = 1(mod4). Then Zy is a cyclic group of order p — 1. If we
put v = p — 1, then v = 4t for some t. If g is the generator 1 = ¢“ and so
1 = g% = g'% = (¢5)2. Thus g% = —1 which implies -1 is the sixth power.

Let p = 3(mod 4), if -1 is a sixth power then it is square also since p = 3(mod 4),
-1 is not a square mod p. Hence -1 can not be a sixth power. Thus s(6,p) > 2.

Now s(k,n) < g(k,n) and g(k,p) < 2 if p > (k — 1)*. Thus for k = 6 we
have if p > (k —1)* = 5% = 625, (6, p) < 2. Hence for p > 625 and p = 3(mod 4)
we have s(6,p) = 2.

Theorem 2: For primes p = 2,3 we have s(6, p®)

i) 1 for p=2, e=1.

i) 2 for p=3, e=1.

iv) 7 for p=2, e>3.

)
)
i) 3 forp=2 e=2.
)
)

v) 8 for p=3, e>2.

Proof: Let p = 2 and e > 3, we first note that if [ € Z is the sixth power
of mod 2°, then | = 0,1(mod 8). The group Use of units in Zse is given by
Upe = {1 <1 <29 lisodd}. U is a group of order 27! is isomorphic to
Cy x Cge—2. Consider the homomorphism f : Uz — Use defined by f(z) = °

North Asian International Research 4ournal Consortiums www.nairjc.com



for # € Use. Now Kerf = {x € Uy | 2° = 1}, then there are precisely for
elements in Use satisfies 2% = 1. In fact kerf = {£1, 2°71 & 1}. Thus the
number of sixth powers in Use is equal to 2¢73. Further each [, 1 <[ < 2° with
[ = 1(mod 8) is a sixth power and in particular 2° — 7 is a sixth power. Therefore
we have (2° —7) +6 -1 = —1(mod 2¢) and so s(6,2°) = 7.

Let p = 3 and e > 2. We note that [ € Z is a sixth power mod 3°, then [ =
0,1(mod 9). In this case the group of units Us. in Z/3°Z is cyclic. Hence 2° = 1

) . . . . 3¢ .
has six solution in Use and so Use contain 3°~2 sixth power since M =32,

Thus the sixth power in Us. are precisely the integer [, | = 1(mod9). Now
(3°=8)+7-1 = —1(mod 3°) and s(6,3°) = 8. The other cases are easily verified.

Theorem 3: Let p be a prime p # 2,3 then s(6, p®) = s(6, p) for all e > 1.
Proof: To prove the theorem it sufficient to establish that —1 is a sum of ¢
number of sixth powers in Z, if and only if —1 is a sum of £ number of sixth
power of Zje+1. The natural map ¢ : Zyet1 — Zye takes sixth power to sixth
powers and ¢(—1) = —1. Hence s(6, p®) < s(6, p*™).
On the other hand suppose s(Z,) = t, then we have —1 = a$ + a$ + -+ +
a(mod p°) for some a; € Z, clearly there exist some 7 such that p { a; and so we
can suppose (p, a;) = 1 and (p, 6) = 1, then (p, 6a]) = 1 and so there exist
x,y € Z such that xp + 6ajy = 1
Now al +aS+ - +af = —1+¢qp° for some g€ Z

= —1+ qp°(zp + Gaiy)

= —1+ p“tqx + 6adyqp°
and so (a; — qpy)® + a5 +aS + - +af = =1 4+ pHgx + 6alqp®y

+{—6aiqp’y + 15ai¢’p*y* — 20ai¢’p*y* + 15aiq'p*y’

_6a1q5p5ey5 +q6p66y6}

E— xpe+1q + 15a¢11q2p2ey2 _ zoali’;q?»pSeyS

+15a%q4p4ey4 _ 6a1q5p5ey5 + qﬁpﬁeyﬁ

- 1+ pe+l(xq + 15a?peflq2y2 _ QOa?p2671q3y3

+15a%p3671q4y4 _ 6a1p4eflq5y5 +p5671q6y6)

= —1(mod pt1).
Hence s(6,p°t!) < s5(6.p°) and there by proving the equality.
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