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Abstract: - In this paper we use the maximum 

principles to study symmetry properties of solutions 

for system of semilinear elliptic boundary value 

problem with Neumann condition, to the elliptic 

operators more general than the Laplacian 

operator on the unit ball in n dimensional 

Euclidean space with n ≥3.    

Keywords: Maximum principle; Radial symmetry; 

System of nonlinear elliptic 

Boundary value problem, Neumann   boundary 
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AMS 2010: 34B15, 34B18, 35B06, 35B50. 

 

1. INTRODUCTION 

To study the behavior of solutions of system 

of elliptic boundary value problems with Neumann 

boundary conditions is an interesting problem in the 

point of view of differential geometry and elliptic 

boundary value problems. The problem of the 

interest is 

u = f1 (v);     in B 

v = f2 (u)      in B 

∂u / ∂η = g1 (v) on ∂B 

 

∂v / ∂η = g2 (u) on ∂B. 

 Where B is ball of unit radius in R
n
,  

∂ / ∂ denote the outer normal derivative to ∂B and 

f1; f2; g1 and g2 are functions defined in R. 

 

The maximum principle is one of the most used tools 

in the study of some elliptic boundary value 

problems. A version of maximum principle allows us 

to compare locally surfaces that coincide at a point. 

Also the maximum principle and Alexandrov 

reflection principle have been used to prove 

symmetry of solutions of boundary value problems 

with respect to some point, some plane, and 

symmetry of domains by the authors 

 

Serrin [14], Gidas, Ni and Nirenberg   [4, 5], 

Berestycki and Nirenberg [2]. Castro, Maya and 

Shivaji [3] summarized the recent developments of 

semipositone problems. 

Reichel [13] obtained the radial symmetry for the 

domain and solutions of  

u + f (u; |u|) = 0 



North Asian International Research Journal of Sciences, Engineering & I.T.  ISSN: 2454 - 7514     Vol. 2, Issue 5 May 2016 
 

IRJIF IMPACT FACTOR: 3.01 

 

 North Asian International research Journal consortiums www.nairjc.com 
4 

on exterior domain subject to the over determined 

boundary conditions 

∂u / ∂ν = const;    u > 0 

on the boundary, by using Alexandro_-Serrin 

method of moving hyperplanes. Bensedik and 

Bouchekif [1] proved the symmetry result of positive 

solutions for a Neumann boundary value problem, 

L(u) = -u” + q
2
 u = |u|

P
 f(x);  x  (a; b) 

u’(a) = u’ (b) 

making generalization of the work of Padro J. 

Toress, [15].  In 2012, Marin, Ortiz and Rodriguez 

[9, 10] proved the symmetry of Neumann boundary 

value problem. 

In this paper we prove that solution of the system of 

elliptic boundary value problem with Neumann 

condition, 

au + b 
n

 i=1   ui = f1(v) 

av + b 
n

 i=1       vi = f2(u) 

∂u / ∂η = g1(v) ; 

∂v / ∂η = g2(u) 

are radially symmetric with respect to the origin, 

where a : B   R is a bounded function and 

symmetric with respect to the origin such that a(x) > 

0 for all x  B and  b : B   R is a bounded and odd 

function. Let  denote the normal vector to ∂B and 

f1; f2; g1 and g2  C ( R ). Furthermore suppose that 

f1; f2 are strictly increasing and g1 , g2  are strictly 

decreasing.  

Our proof shows that the techniques used in [2 , 4, 7, 

14] for study of symmetric solutions of  the ellipotic 

boundary value problem with Dirichlet condition can 

be applied to prove symmetry of solutions of  the 

ellipotic boundary value problem with Neumann 

condition. Recently author Patil [6] proved the 

symmetry result for the Neumann boundary value 

problem, -u” +  q
2
u = u

2
 x

2
 with  boundary condition  

u’ ( - 1 ) =  u’ (  1 )  in the interval ( -1 , 1). 

2. MAIN RESULT 

 Now we state the main theorem for symmetry 

of solutions of system of elliptic Neumann boundary 

value problem. 

THEOREM 2.1  

 Let (u, v)    C
2
 (B)  C

0
 (B) be a positive solution 

of the elliptic boundary value problem with 

Neumann condition. 

au + b
n

 i=1  ui = f1(v) 

av + b
n

 i=1  vi = f2(u)       (2.1) 

∂u / ∂η = g1 (v) ; 

∂v / ∂η = g2 (u) 

Where a ,b, f1; f2; g1 and g2  are  as defined in 

previous section. Then the solution (u; v) must be 

radially symmetric with respect to the origin. 

Proof:   Let x  B and x
0
 denotes the reflection of  x 

with respect to the hyperplane  xn = 0. 

Then x and x’ both are in B. 
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 System of equations in 2.1 is satisfied by both x 

and x’. 

au(x) + b 
n
 i=1   ui (x) = f1(v(x)) in B     (2.2) 

av(x) + b 
n
 i=1  vi(x) = f2(u(x))  in B       (2.2) 

∂u(x) / ∂η = g1(v(x))  on ∂B          ( 2.3) 

∂v(x) / ∂η = g2(u(x))   on ∂B          (2.4) 

x’ also satisfies the same equations that x does. 

au(x’) + b 
n

 i=1   ui (x’) = f1(v(x’)) in B                                                     

(2.6)                                                                                   

av(x’) + b 
n

 i=1  vi(x’) = f2(u(x’))   in B       (2.7)  

∂u(x’) / ∂η = g1(v(x’))    on ∂B      ( 2.8)      

∂v(x’) / ∂η = g2(u(x’))     on ∂B      (2.9) 

We define the function w1 and w2 as follows, 

w1   = u(x) – u(x’)                           (2.10) 

w2   = v(x) – v(x’)                          (2.11) 

In consequence w1   and w2 satisfies 

aw1 (x) + b 
n

 i=1   w1i (x) = f1(v(x)) - f1(v(x’))  in B                                 

(2.12)                                                                 

aw2 (x) + b 
n

 i=1   w2i (x) = f2(v(x)) – f2(v(x’))  in B                                 

(2.13)                                                                 

∂w1 (x) / ∂η = g1(v(x)) -  g1(v(x’)) on ∂B 

                                                                       (2.14)                                                                       

∂w2 (x) / ∂η = g2(u(x))  - g2(u(x’)) on ∂B 

                                                                  (2.15) 

w1  = 0 ,  w1  = 0 in B  {xn  = 0 }                 (2.16) 

Since w1   and w2 are continuous in B , there exist 

points xm  and xM such that  

w1 (xm) = min B (w1) 

w1 (xM) = max B (w1) 

w2 (xm) = min B (w2) 

w2 (xM) = max B (w2) 

We claim that the points xm and xM , cannot be in   

∂B. 

Suppose xM    ∂ B and satisfies  

w1 (xM) > w1(x), w2 (xM) > w2(x) for all x  B. 

Therefore 

∂ w1( xM) / ∂η     > 0 

∂ w2( xM) / ∂η     > 0 

And  

w1( xM)      > 0 

w2( xM)      > 0 

In consequence  

g2  ( u (xM)) -  g2  ( u (x’M))  0 

g1  ( v (xM)) -  g1  ( v (x’M))  0 

Since g1 and g2 are strictly decreasing, we have, 

u (xM)   u (x’M)  and  v (xM)    v (x’M) 

Then w1(xM)  0 and  w1(xM)  0 

Which contradicts to w1 (xM) > 0 and   w2 (xM) > 0 

.Thus, xM cannot be in ∂B.  

Suppose xm  ∂ B and satisfies  

w1 (xm) < w1(x), w2 (xm) < w2(x) for all  x  B 

Therefore, 

∂ w1 ( xm) / ∂η     < 0 

∂ w2 ( xm) / ∂η     < 0 

And  

w1 ( xm)     < 0 

w2 ( xm)     < 0 

In consequence  

g2 (u (xm)) -  g2  ( u (x’m))  0 

g1 (v (xm)) -  g1  ( v (x’m)) 0 
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Since g1 and g2 are strictly decreasing, we have, 

u (xm)   u (x’m)  and  v (xm)  v (x’m) 

Then w1 (xm)  0 and w1(xm)   0 

Which contradicts to w1 (xm) < 0 and   w2 (xm) < 0 

.Thus, xm cannot be in ∂B.  

Hence xM  , xm  B. 

So, 

a(xm)  w1 xm + b(xm) i=1
n
 w1i (xm)  0 

a(xm)  w2 xm + b(xm) i=1
n
 w2i (xm)  0 

 

a(xM)  w1 xM + b(xM) i=1
n
 w1i (xM)  0 

a(xM)  w2 xM + b(xM) i=1
n
 w2i (xM)  0 

 

Since f1 and f2 are strictly increasing we conclude 

that, 

u(xm)  u( x’m) 

u(xM)  u( x’M) 

v(xm)  v( x’m) 

v(xM)  v( x’M) 

 

Then 

w1 (xm) = w1(xM) = 0   and 

w2 (xm) = w2(xM) = 0 

 

Hence, w1 = 0; w2 = 0 in B, So (u , v) is symmetric 

with respect to the plane xn = 0. 

Since B is unit ball and we can apply the same 

arguments in all directions, it follows that u is 

radially symmetric with respect to the origin. 

REFERENCES 

 

[1] A. Bensedik and M. Bouchekif, Symmetry and 

uniqueness of positive solutions for a Neumann 

boundary value problem, Applied Mathematical 

letters, 20, (2007) 419 - 426. 

 

[2] H. Berestycki and L. Nirenberg, On the method 

of moving planes and the sliding method, Bulletin of 

the Brazilian Mathematical Society, vol. 22, No.1 , 

(1991) ,1 - 37. 

 

[3] A Castro, C Maya and R Shivaji, Nonlinear eigen 

value problems with semipositone structure, 

Nonlinear differential equations, Electron J. Diff. 

Equations 05 (2000) 33 - 49.  

 

[4] B.Gidas, W.M.Ni and L.Nirenberg, Symmetry 

and related properties via the 

maximum principle, Comm. Math. Phys. 68(1979), 

209-243. 

 

[5] B.Gidas, W.M.Ni and L.Nirenberg, Symmetry of 

positive solutions of nonlinear elliptic equations in 

R
n
, Mathematical Analysis and Applications Part A, 

ed. By L. Nachbin, adv. Math. Suppl. Stud. 7, 

Academic Press, New York, 1981,369-402. 

 

[6] D. P. Patil, Symmetry of positive solutions of a 

nonlinear elliptic problem withNeumann boundary 

condition, Bizz.....Ness (The research Journal of 

Ness Wadia College, Pune) Vol II, Issue 1 , March 

2016, 153-159. 

 

[7] D. Dhaigude and D. P. Patil, Radial symmetry of 

positive solutions for nonlinear elliptic boundary 

value problems, Malaya J. Mat. 3 (1) (2015) 23 - 29. 

 



North Asian International Research Journal of Sciences, Engineering & I.T.  ISSN: 2454 - 7514     Vol. 2, Issue 5 May 2016 
 

IRJIF IMPACT FACTOR: 3.01 

 

 North Asian International research Journal consortiums www.nairjc.com 
7 

[8] D. Gilbarg, N.S. Trudinger; Elliptic Partial 

Differential Equations of Second Order, Springer-

Verlag, Berlin, 2001.  

 

[9] A Marin, R. Ortiz and J. Rodriguez, Symmetric 

solutions of a nonlinear elliptic problem with 

Neumann boundary condition, Applied Mathematics, 

2012, 3, 

1686 – 1688. 

 

[10] A Marin, R. Ortiz and J. Rodriguez, A 

semilinear elliptic problem with Neumann condition 

on the boundary, International Mathematical Forum 

,Vol. 8, 2013, No-6 , 283 - 288. 

 

[11] M. Protter and H. Weinberger, Maximum 

Principles in Differential Equations, Springer Verlag, 

1984. 

[12] A. Ramirez, R. Ortiz ,J. Ceballos , Symmetric 

solutions of a nonlinear elliptic problem with 

Neumann boundary condition, Applied Mathematics, 

3 (2012) 1686-1688. 

 

[13] W. Reichel, Radial symmetry for elliptic 

boundary value problems on exterior domains, Arch. 

Rational Mech. Anal. 137, 1997 , 381 - 394. 

 

[14] J.Serrin, A symmetry problem in potential 

theory, Arch. Rational Mech. Anal 43,(1971), 304-

318. 

 

[15] P. Torres, Some remarks on a Neumann 

boundary value problem arising in fluid dynamics, 

ANZIAM J., 45 (2004) 327-332. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



North Asian International Research Journal of Sciences, Engineering & I.T.  ISSN: 2454 - 7514     Vol. 2, Issue 5 May 2016 
 

IRJIF IMPACT FACTOR: 3.01 

 

 North Asian International research Journal consortiums www.nairjc.com 
8 

 

 

 

 

 

 

 

Publish Research Article 

 

Dear Sir/Mam, 
 

                         We invite unpublished Research Paper,Summary of Research 
      Project,Theses,Books and Book Review for publication. 
   

 
 

Address:- Dr. Ashak Hussain Malik House No-221, Gangoo Pulwama - 192301 
Jammu & Kashmir, India 

Cell: 09086405302, 09906662570, 
Ph No: 01933212815 

Email:- nairjc5@gmail.com, nairjc@nairjc.com , info@nairjc.com 
                                                           Website: www.nairjc.com 

 

 

mailto:nairjc5@gmail.com
mailto:nairjc@nairjc.com

