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Partial vector n convexity non-differentiable Multi-objective
Fractional Minimax Problem

DR.G.VARALAKSHMI*& G.SREELATHA**
*|_ecturer in Statistics, DKGDC for Women, Nellore, A.P.
**Assistant Professor, DBS Engineering College, Kavali, A.P.

ABSTRACT:

In this paper we introduce the concepts of partial vector-p » convexity and its generalizations for a vector

valued function. We establish sufficient optimality conditions and duality results for generalized minimax
Multi-objective fractional programming problem involving locally Lipschitz functions under non
differentiable conditions. Moreover, the main feature of the present work is to point out that it is not
necessary to impose vector-p - n convexity vector-p - n convexity assumptions on all components of vector

valued functions involved in the problem to develop duality results. It is sufficient to impose these
conditions only on few components. In this section, with the help of (EP,), we introduce dual (FD) to the
problem (FP) and under suitable vector-p - u convexity assumptions and also duality results relating to

(EP,) and (FD). To establish the optimality conditions and duality, we shall make use of problem (FP,).

1. INTRODUCTION:

In mathematical programming we are faced with the problem of finding optimality criteria these criteria
may be necessary/sufficient conditions. Bazara et al. [14] obtain optimality criteria without differentiability.
Hanson [41] introduced the concept of invexity as broad generalizations of convexity. Jeyakumar [49] introduced

p -Invex functions and studied various results for a single objective nonlinear programming problem. Mond and

Jeyakumar [48] have introduced the notion of V-invexity for a vector function. Recently, Bector et al. [20]
developed sufficient optimality conditions and established duality results under V-invexity type of assumptions
on the objective and constraint functions. They worked under differentiability assumptions. Bhatia and Garg [13]

introduced V-p -Invexity for non smooth functions and established duality results for multi-objective

programming problem. Davinder Bhatia and Hitesh Arora [24] introduced partial vector invexity in fractional

minimax programming problem. But no serious attempt made in utilizing the recent developed concepts like
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vector m convexity and vector-p - m convexity for non smooth functions in multi-objective fractional

programming problem. Hence in this chapter an attempt is made to fill the gap in this aim of research by

developing some theorems and methods to solve vector n convexity and vector-p - 1 convexity for non smooth

functions in multi-objective fractional programming problem.

In this paper, we introduce the concepts of partial vector-p mn convexity and its generalizations for a

vector valued function. We establish sufficient optimality conditions and duality results for generalized minimax
Multiobjective fractional programming problem involving locally Lipschitz functions under non differentiable
conditions. Moreover, the main feature of the present work is to point out that it is not necessary to impose

vector-p - m convexity vector-p - 1 convexity assumptions on all components of vector valued functions

involved in the problem to develop duality results. It is sufficient to impose these conditions only on few

components.

2. DEFINITIONS:

The following definitions are used further discussion.
2.1. Definition: If 6:X —>R Lipschitz on X, the generalized directional derivative of 0 at X € Xin the

direction

ofn(x, x*) eR", denoted by 0*(x ; n(x, X*)) is given by

0*(x; N(x,X*))= Lt Sup { Oy +an(x x*) ) - 6) }
A0 y—>X* A

2.2. Definition: The generalized n- gradient of 6 at X € X in the direction of n(x,x*) denoted by the set

0,,0(x) and is defined as follows

800 = { £eR:0*(X ; n(xx*))=ETn(x,x*), VX e X }

North Asian International research Journal consortiums www.nairjc.com
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When 0 is smooth (continuously differentiable), 0,,0(x) coincides with sub- differential of convex functions. For

the sake of convenience we denote 0, by dand let K= {1,2,....k} and K'cK.

o . F(X . ) L
2.3. Definition: A vector functlon%: X—->R k, locally Lipschitz at u € X is said to be vector-p - n
gilX

convexity at u if there exist functions 1, ¢ : XxX — R", a real number p and 8, : X x X — R " \{0},i e K?,

such that for all X e X

G filWw
g g

(%, ) Tn(x, u)+plo(x u)* V& € af;(u), iek*

I . f(x . . .
2.4. Definition: A vector function %: X—->R k, locally Lipschitz at u € X is said to be vector-p - 1 pseudo
gi (X

convex at u if there exist functions n, : XxX — R", a real number p and 0; : X x X - R \{0},i e K!, such
that for all X e X

£Tn(x u)+plox u)’ = 0= 216i(x,u)fi(x)2 > 0;(x,u)f;(u) V&; e of;j(u), iek™
ieK ieK

I (X o -
2.2.5. Definition: A vector function %: X—->R k, locally Lipschitz at U € X is said to be vector-p - n—
gi (X

quasi convex at u if there exist functions n,: XXX BXR", a real number p and 0; : X x X - R \{0},i e Kt

such that for all X e X

Zlei(x,u)fi(x)s Zlei(X,U)fi(u)béTn(X,U)S' P||(P(X’U)ﬂ2 VE; e ofi(u), iek.
ieK ieK
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3. FORMULATIONS:

3.1. We now consider the following minimax multi-objective fractional programming problem as the primal

problem:
. fi(X)
(FP) V=min max —
xex 1<i<k 9i(X)
Subject to hj(x) <0, j=12,...m (1)

where f;, g; ‘R" >R, i=1.2,.kand hj ‘R" >R, j=1.2,...m are real valued functions and X< R"

Also fi ,0i, 1=12,.,kand h i j=1,2,...,mare locally Lipschitz functions around a point of X.

Foreach i=1,2,.,p, let f;(X) 20and g;(x) >0 forall xin X.

3. 2. Optimality Conditions
Considered the following minimax nonlinear parametric programming problem in the parameter v:
(FP.) Fi(v) = min  max [fj (%) - vg; (x)] @)
xeX 1<i<k

To establish the optimality conditions and duality, we shall make use of problem (FP,).

3.3. We now have the following programming problem that is equivalent to (EP,) for a given v:

(EPy) Min q, 3
subjectto [f; (x)-vgi(¥)] <q,i=1,2,.Kk, )
h;(x) <0, j=12,...m, ©)

were geR and x,ve X.
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3.4. Dual problem Formulation:

In this section, with the help of (EP,), we introduce dual (FD) to the problem (FP) and under suitable
vector-p - n convexity assumptions and also duality results relating to (EP,) and (FD). Mond-Weir [67] type dual
(FD) to the equivalent problem (EP,) is stated as follows:

(FD) Maximize y

subject to Oe{_glkia(fi(u)-vgi(u)%_glujahj(U)L (6)
i= J=

i A(f (W) - vgi(u)- ¥} =0,i=1,2,.k, (7)
nyhj) =0, j=1.2..m, (8)

K x

XA =1, (9)
=1
UGX,yeR,X?eRJFk,u;eRJFm. (10)

Let T and W denotes the set of all feasible solutions of (EP,) and (FD) respectively. We now establish the
following duality theorems relating to (EP,) and (FD).

4. LEMMA:

4.1. Lemma: If (FP) has an optimal solution x,~  hence after to be denoted by x*, with optimal value of the (FP) —
objective as v*, then Fi(v*) = 0. Conversely, if Fi(v*) = 0, then (FP) and (FP,~) have the same optimal solution

set.

4.2. Lemma: If (x,v,q) is (EP,) — feasible, then x is (FP)- feasible. If x is (FP) — feasible, then there exist v and g

such that (x, v, q) is (EP,) —feasible.
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4.3. Lemma: x* is (FP) — optimal with corresponding optimal value of the (FP) — objective equal to v* iff

(x*,v*,g*) is (EP,) optimal with corresponding optimal value of the (EP,) —objective equal to zero, i.e., g* = 0.
5. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS

5.1. Necessary Theorem x* be an optimal solution of (FP) with optimal value of the (FP) — objective equal to

v*. Let an appropriate constraint qualification hold for (EP,+), then there exist g*e R,X? € Rk, p’; eR™ such

that (x*,v*, x*, M*) satisfies

K « m
0 E{ZlM o(fi (%) - v*g; (X)) + _Zlu johj(x*)}, (11)
i= =

A (£ ¢ - v*gi (%) 9% =0,i=1,2,..k, (12)
Wjhj(x*) =0, j=12..m, (13)
(F (X%) - v*gi (xX*))<q* , i=1,2,..k (14)
hj(® <0, j=12,..m (15)
K«

YA =1, (16)
i=1

q* =0, (17)
* * k * m * *

g*eR,Aj €R ,ujeR ,XiZO,ujZO. (18)

Proof: It Follows directly by writing the necessary optimality conditions to the problem (EP,~) there exists

7»? eRK, u]f e R™ such that the following conditions hold:

k * m *
Oe{_zlxia(fi (X*) - v*gi (x*))+ zu johj(x*)},
1= J:
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Wihi(x) =0, j=12.m,
A 20, i= 1.2,k

Wj>0,j=1.2,...m.

Where
f. (xX*
v*:JL—lthzmx,
g; (X*)
setting
* A
)\’| :k—la 1= 1929 aka
2
i=1
* i

we obtain that the conditions 11 t018 holds.
Which completes proof of the theorem.
5.2. Sufficient Optimality theorem:
Let x* be a feasible solution of (FP). Assume that there exist X? eR¥, with Ele u]f eR™ such that (11)-
i=
(18) are satisfied. Further, let

(a) (fi (xX*) - v*g; (X*)), I € I(X*) be vector-p - n pseudocnvex with respect to 1.

(b) hj(X), j€I(x*) vector-p -n - quasi convex with respect to 1 and
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(c)(p+ph)>0,

where, I(x*) ={iel: fj(x*) - v*g;(x*)-q*=0} and Jx*)={ jeJ: h;j(x)=0}.
Then x* is (FP) — optimal with the corresponding optimal objective value equal to v*.

Proof: Let x* be not an optimal solution of (FP). Then it follows from lemma 2.4.3 that (x*, v*, g*) is not

optimal for (EP,) with
g<g*, (X# x*).
Using (4) and (14) , the inequality implies
fi(¥) - vgi () <g<g*=f;(x*) - v*g;(x*),iel(x*)

i) - vgi () <fi(x*) - v*gi(x*).

Also, from (12) it follows that k? =0 for each igl(x*) and therefore

k * * .
> Aj =1, which ensures the existence of at least one A; >0, i € I(x*). Hence by multiplying each of the above
i=1

inequalities
by k? and 0;(x,x*) >0, i € I(x*) and adding , we obtain
i

_ Zei(X’X*)X?(fi(X)-Vgi(X))<_ %0; (%, XM (£ (x*) - v*gi (x*)).
iel(x*) iel(x*)

Now, vector-p - n -pseudo convex of fj(x) - vgj(x), i € I(x*) implies
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CEhEmT (6 x*)+plo(x u)® <0,
iel(x*)

VEj € 0{fi(x*) - v*¥gi(x*)}, e l(x*). (19)
Again, using X? =0, igl(x*), we can rewrite (19) as

3 (6 x*)+plo(x, u)? <0,
iel(x*)

VE e 0{fi(x*) - v*g;(x*)}i=12.k (20)
Now, from (5),(13)and (18), it follows
M hj(x) < u]f hj(x*), j€J(x*). Again, multiply each of the above inequality by 0(x,x*) > 0;je J(x*) and

addingwe get ¥ ej(x,x*)p]fhj(x)é Y ej(x,x*)u’;hj(x*).
jed(x) jed(x*)

Now, vector-p - - quasi convexity of hj(x), J € J(X*)implies

X u]fajnT(X,X*)S- p1||(p(x,x*)ﬂ2, Vajedhj(x*), jel(x*).
Jjed(x*)

Since, u]f: 0, jeJ(x*), therefore, without loss of generality, we can write above inequality as

D p’jkocjnT(X,X*)S— p1||(p(X,X*X|2, Vajedhj(x¥), j=12,....m. (21)
jeJ(x)

Adding (20) and (21), we get
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k * m
{2+ > pjo o' (x) < - (p+ ph Jolx x*)7,
i= j=

VEi € 0{fi(x*) - v*gi(x*)}i=12..k Vajedhj (x*), j=12..m.

Kox,  Mox 07 : .

{Zhi&i+ X pjajdn’ (x,x*) <0 (using assumption c).

i=1 j=1
which is a contradiction to (11).

Hence x* is an optimal solution of (FP), and consequently, (x*.,v*,g*) is an optimal solution for (EP~) with

optimal value g* = 0 =ming.

Therefore, by lemma 4.3, x* is (FP) — optimal with v* as the corresponding optimal value of the (FP)-
objective.

6. WEAK AND STRONG DUALITY RESULTS:

6.1. Weak Duality Theorem:
Let (x,v,q) €T and (u,y, A,).) € W be arbitrary feasible solutions of (EP,) and (FD) respectively. Further,

assume that

@) (f; - vg;j),i € | be vector-p -1 - pseudoconvex with respect to ).
(b) hj, jeJ(x*) vector-p - n - quasi convex with respect to n and
() (p + p*) >0, where, I* = {i € I :A>0} and J*={ jeJ:pj>=0}.

Then, q=y.
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Proof: Suppose, contrary to the result of the theorem
a<y.
Using (4), it implies that f;j (X) - vgij(x) <q <y, iel.
For i € I *, it follows from (2.7), in view of the above inequality that
fi(¥) - vgi () <fi(u) - vgi () iel™
Hence, by multiplying each of the above inequality by A; and

0i(x,u) > 0;ie I *, and adding, we get

izlgi(x,u)xi {fi(0) - vgi (x) }< izlgi(x.u)xi {fi(u) - vgi(u)

Now, vector-p - n - pseudoconvex of(fi -vg; ), i € I *implies

= A& (ou)<- plloCex*)?, VE a{fi) - vgiW} icl*. (@2
iel*

Again, using A; =0 ,igl*, we can rewrite (22) as
k 2 .
gt (ou)<- plleboxt), VE SOLhi - vk =12k @)
1=
Also, for je J(x*), (5) and (8) yield

1 hj0) <njhjee), jed*,
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Again, multiply each of the above inequality by 8(x,u) > 0;je J*,

we get > 91'(X,U)Lljhj(x)S 2 ej(X’U)Hjhj(U)-
jelJ* jelJ*

Now, vector-p - - - quasi convexity of hj , J€J* implies

ZJ uja%nT(X,u)S— p1||(p(x,u)ﬂ2, Va% eohj(u), jel*. (24)
jed*

Since, p i~ 0, j&J*, without loss of generality, we can rewrite above inequality as

ZJ uja%nT(X,u)S- p1||(p(x,u)ﬂ2, Va% eohj(u), j=12,...m (25)
je*

Adding (23) and (24), we get
S LU T | 1 2
{2 g+ 2 g (xu) < - (p+ o) folx ),
1= J:

VET €0 {fi(U) - vgi(U)},i=1.2..k Ve eoh;(U), j=1.2,..m.

Koo, M 907 . _
{z A&+ X Mj(xj}n (X, u)< 0 (using assumption c).
i= j=1

Which is contradiction to (7).
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6.2. Strong Duality theorem:

Let (X,V,ﬁ)eT be (EP,)- optimal at which an appropriate constraint qualification holds . Then there exist
L and wsuch that (X, Y, A H) is (FD)-feasible and the corresponding objective values for (EP,) and (FD) are equal.

If also, the hypothesis of theorem.6.1. holds, (X, Y, A, ﬁ) is (FD)-optimal.

Proof: Using necessary theorem, there exists

reRK, It € RMsuch that 11 to18 holds.

fi (x*)

Where V* = ,1=1,2,.....k,

g; (x*)

there fore (X,V, A H) is feasible for (FD) suppose (X,V,X, ﬁ) is not efficient solution of (FD), then there exists

a feasible

solution (u,v, A, ) of (FD) such that
A Afi(X) - Vg (R) 3 <A, {f;(U) - Vg;(0)}
and
Xj{fj(i) - \_/gj(Y)}<Xj{fj(U) - \_/gj(U) }, for some j.
Which contradicts to weak duality theorem as
I h;(X)=0.
Hence the proof.
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