North Asian International
Research Journal Consortium
HNorth Asian Shtornational (Research ~Journal

&
Qbdience, Engincering and Snformation Cechnology

Chief Editor
Dr. Bilal Ahmad Malik

Publisher Associate Editor

Dr. Bilal Ahmad Malik Dr.Nagendra Mani Trapathi

Honorary
Dr.Ashak Hussain Malik




North Asian International Research Journal of Sciences, Engineering & I.T. ISSN: 2454 - 7514 Vol. 2, Issue 2 February 2016

NAIRJC JOURNAL PUBLICATIQN&;:" - _{’\ g
: 0 "*’* i

North Asian
International

Research Journal Consortium

-
e
° e

Welcome to NAIRJC

ISSN NO: 2454 -7514

North Asian International Research Journal of Science, Engineering & Information Technology is a research journal,
published monthly in English, Hindi, Urdu all research papers submitted to the journal will be double-blind peer reviewed
referred by members of the editorial board. Readers will include investigator in Universities, Research Institutes
Government and Industry with research interest in the general subjects

Editorial Board

M.C.P. Singh
Head Information Technology Dr C.V.
Rama University

S.P. Singh
Department of Botany B.H.U. Varanasi.

A. K. M. Abdul Hakim
Dept. of Materials and Metallurgical
Engineering, BUET, Dhaka

Abdullah Khan
Department of Chemical Engineering &
Technology University of the Punjab

Vinay Kumar
Department of Physics Shri Mata Vaishno
Devi University Jammu

Rajpal Choudhary
Dept. Govt. Engg. College Bikaner
Rajasthan

Zia ur Rehman
Department of Pharmacy PCTE Institute
of Pharmacy Ludhiana, Punjab

Rani Devi
Department of Physics University of
Jammu

Moinuddin Khan
Dept. of Botany SinghaniyaUniversity
Rajasthan.

Manish Mishra
Dept. of Engg, United College Ald.UPTU
Lucknow

Ishfaq Hussain
Dept. of Computer Science IUST, Kashmir

Ravi Kumar Pandey
Director, H.I.M.T, Allahabad

Tihar Pandit
Dept. of Environmental Science,
University of Kashmir.

Abd EI-Aleem Saad Soliman Desoky
Dept of Plant Protection, Faculty of
Agriculture, Sohag University, Egypt

M.N. Singh Director School of Science
UPRTOU Allahabad

Mushtag Ahmad
Dept.of Mathematics Central University of
Kashmir

Nisar Hussain
Dept. of Medicine A.l. Medical College
(U.P) Kanpur University

M.Abdur Razzak
Dept. of Electrical & Electronic Engg.
I.U Bangladesh

Address: - Dr. Ashak Hussain Malik House No. 221 Gangoo, Pulwama, Jammu and Kashmir, India -
192301, Cell: 09086405302, 09906662570, Ph. No: 01933-212815,
Email: nairjcc@gmail.com, nairjc@nairjc.com, info@nairjc.com Website: www.nairjc.com


mailto:nairjc5@gmail.com
mailto:nairjc@nairjc.com
mailto:info@nairjc.com

North Asian International Research Journal of Sciences, Engineering & I.T. ISSN: 2454 - 7514 Vol. 2, Issue 2 February 2016

—

DUALITY IN MINIMAX MULTI-OBJECTIVE FRACTIONAL PROGRAMMING
PROBLEM UNDER [F, a,p,d]-CONVEX FUNCTIONS

G.SREELATHA*

*Assistant Professor, DBS Engineering College, Kavali, A.P.

ABSTRACT:

In this paper we consider non-differentiable minimax fractional programming problem and primal
problem. We established necessary and sufficient optimality conditions for minimax problem. We motivated
by various concepts of generalized convexity and introduced a unified formulation of generalized convexity.
We define a dual problem and derived duality theorems, which were extended for the fractional analogue

of generalized minimax problem. We obtained sufficient conditions and duality theorems for minimax

fractional problem under [F, a,p,d]-convexity. We derived necessary and sufficient conditions for non-

differentiable minimax fractional problem with generalized convexity. We obtained duality theorems for
two parametric-free dual models of non-differentiable minimax fractional problem involving generalized
convexity assumptions. We established duality results for one parametric and two parametric-free dual

models of non-differentiable minimax fractional programming problem under generalized univexity.

1. INTRODUCTION:

Minimax fractional problems appear in the formulation of discrete and continuous rational approximation
problems with respect to the Chebyshev Norm [3], in continuous rational games [14], in multi-objective
programming [15], in engineering design as well as in some portfolio selection problems discussed by Bajona-
Xandri and Martinez legaz [2].

Minimax mathematical programming has been of much interest in the recent past [1,4,5,11,13,17,18,19].
Schmitendorf [11] established necessary and sufficient optimality conditions for minimax problem. Tanimoto
[16] applied these optimality conditions to define a dual problem and derived duality theorms, which were

extended for the fractional analogue of generalized minimax problem by Yadav and Mukherjee [18].
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Motivated by various concepts of generalized convexity, Liang et al [8,9] introduced a unified formulation

of generalized convexity, which was called [F, a,p,d] - convexity and obtained some corresponding optimality

conditions and duality results for the single objective fractional problems and multi-objective problems. Recently,
Liang and Shi [10] obtained sufficient conditions and duality theorems for minimax fractional problem under

[F, cx,p,d]-convexity. Lia et al [7] derived necessary and sufficient conditions for non-differentiable minimax

fractional problem with generalized convexity and applied these optimality conditions to construct one parametric
dual model and also discussed duality theorems, Lai and Lee [6] obtained duality theorems for two parametric-
free dual models of non-differentiable minimax fractional problem involving generalized convexity assumptions.
Recently, Mishra et al [12] established duality results for one parametric and two parametric-free dual models of

non-differentiable minimax fractional programming problem under generalized univexity.

But no serious attempt in utilizing multi-objective fractional minimiax under [F, a,p,d]-convexity.

Hence in this paper an attempt is made to fill the gap in the aim of research by developing some theorems based

on [F, a,p,d] convex function.

2. FORMULATION:
We now consider the following non-differentiable minimax fractional programming problem.

2.1. Primal Problem:

1
- t E
(FP) m|nn sup f.o (X, y)+(x, Bx)1 |

Iﬂli (X’ y) _(th DX)E

Subject to g, (xX)<0, xe X,

Where Y is a compact subset of R™,f ,h. :R"xR™ —R are C' on R"xR™ and g;:R">R" is

C'on R". B and D are nxn positive semi definite matrices.
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Let S={x eX:g(x) <0} denote the set of all feasible solutions of (FP). For each (X,y)eR"xR",

we define

d)(X, y) — fi (X’ y) + (X ’ BX)
hi (X, y) = (x', Dx)

N - N

1 1
Such that for each (X,y)esxY,f (X,y)+(x',Bx)2>0 and h.(X,y)—-(x',Dx)? >0. For each

X €8, we define

J(x)={jed g;(x)=0}. where J={L2,.....p}

YOO lyey ROV TOGBIT (o (x,2) +(X', B
h (X, y) = (x,,Dx)>  “" h, (x 2) - (X!, Dx)?

i=1

Since f and h are continuously differentiable and Y is compact in R™, it follows that for each
X" €s,y(X) #¢, and foranyy, € Y(X'), we have a positive constant

koz(l)(X*’yi): 1:i (X ,Y/i)-f-(X !BX )21
hi (X, ¥;) - (x", DX)?

We shall need the following generalized Schwartz inequality.



North Asian International Research Journal of Sciences, Engineering & I.T. ISSN: 2454 - 7514 Vol. 2, Issue 2 February 2016

—

Let B be a positive semidefinite matrix of order n. Then for all X, weR",

1 1
x' Bw < (x' Bx)? (w' Bw)?2 (21.1.1)

1
We observe that equality holds if Bx=ABw for some A >0. Evidently, if (W' Bw)2 <1, we have

x! Bw < (xt Bw);.

If the functions f;, g; and h; in problem (FP) are continuously differentiable with respectto X € R".

2.2. Dual Formulation:

S p
2R @ 7) + 2B+ g, (2)
(D) ‘max sup - =
(Svt ,y)EK(Z) (Z, u,V,W)EH(S,t?,y) ZtT {hl (Z, yi ) _ ZtDV}

i=1

Where H (s, t;, y) denote the set of all (z, 1, v, W) e R" xR’ xR" xR"

Satisfying

Zs:t: {fi (z,y))+ ZtBW} + Zp:l/ljgj (2)
i=1 =1 :0

\Y%

S

> ti{h,(z,y,)-2'DV|

i=1

1
w'Bw<1, (z'Bz)2=z'Bw,

1
viDv<l (z'Dz)2= z'Dv
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If the set H(s,t',y) is empty, we define supremum over it to be —oo. Fro convenience, we use the

notation:
v = [itf{ha (Z’Vﬂ—ztDV}} {it?{fi (Y)+0) Bw}+iu,-gj(-)}
{it?{fi (2,¥)+2, BW)}+iujgj(z)Mit?{hi G Y) -0 Dv}}
Suppose that

itj{fi (2,V,)+2'Bw}+ iujgj (2)>0 and
i=1 =1

S

th{hi z,V,) —ztDv} >0,

i=1
forall (s,t',y) ek(2), (z, n, W, V) eH(s, 1, ).
3. DEFINITION:

Let R" be the n-dimensional Euclidean space and X and open set in R".

Definition (3.1): A functional F: XxXxR" — R is said to be sublinear if VX, X € X
(i) F(x,X;a, +a,) <F(x,X;a,)+F(x,X;a,) Va,;,a, eR"

(i) F(x, X; Ba) =PF(x,X;a) VBeR, and VaeR".

By (ii) it is clear that F(X, X, 0) =0.
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Definition (3.2):
[8, 9] given an open set X R", a number p <R, and two functions o:XxXx—R, \{0} and

d[. .JXXX — R, a differentiable function ¢ over x is said to be (F,a,p,d)- convex at X, if for any

XeX, F:XxXx—>R" —R is sublinear, and ¢ (x) satisfies the following condition.

E(X) = &(X) = F(X, X; a(X, X)VE(X) ) + pd? (X, X)

Definition (3.3):

Given an open set X R", a number peR, and two functions o :XxXx—R, \{0} and

d{. .jx x X — R, adifferentiable function ¢ over x is said to be (F, o, p,d) -Pseudo convex at X, if for any

X € X, there exists a sublinear functional F: Xx XxR" — R such that
r(x) < p(X) = F(x, X; ax, X)VG(X) ) — p’d* (X, X)

Further w is said to be strictly F(a,p, d)-Pseudo convext at X if for any X € X, there exists a sublinear

functional FiXxXxR" >R

Such that
F(X, X; oU(X, X)VE(X)) = — pd? (X, X) = E(X) > §(X) .

4. NECESSARY OPTIMALITY CONDITION:

*

If x is a solution of problem(FP). Assuming zy(x*) to be empty, there exist

(5,1, ¥) ek(X),w,veR"and u" eR?" satisfying
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s t D * *
SE{FOC, Y+ X Bw) + Y g, (x)
VA= j=1

-0
itj{h(x*, V) —x*‘Dv}

p
ZM,-Q,-(X )=0
-1

t: eR: (i=12,...59), Zt: =

w' Bw<1 (X' Bx)2=x"Bw,
1
ViDv<l (X' Dx)2=x" Dv

5. DUALITY THEOREMS:

5.1. Theorem (Weak Duality): Suppose that x and (z, u, v, W, S, t,y¥) are respectively the feasible solution for

>0.
a(X, 2)

(FP) and (D). Also assume that (1) is [F, o, p,d]-Pseudo Convex at z and the inequality

holds, then

S

1
Caos 2
sup f. (X, y)+(x,Bx)1 s =

" h, (%, y,) = (X, Dx)? it:{hi(Z,Vi)—ZtDV}

G .3+ 28w+ g, @)

Proof: By means of a contradiction, suppose that
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S

fi (X, y) +(Xt BX) ;ti {fi (Ziyi)+z BW}‘FJZI:HJ-QJ(Z)
sup <

yeY

1
2
1
2

h, (, ) — (' DX) >t {h,@.7,)-2Dv}

for y e Y. If we replace y by Y, in the above in equality and sum up after multiplying by t;, then we have

i=1

{Zt {f, @.9)+ 28w+ g (z)} [Zt {hi (. 9,)~(x Dx)ZH

i=1

{th {fi (X, ¥,)+ (X Bx);H {iti {hi (V) —ztDv}}

Using the generalized Schwartz inequality and (2.2.2) we get

S

$0) s[Zti i, (z,vi)—ztDv}Hiti {fi (X,7,)+ (x' BX)? +iu,—g,—(x)H

_|:iti {fi (Z, Vi ) + szW} +iujgj (X):| I:iti {hi (X, Vi ) —(Xt DX)Z}:|
p s
<D w800 Dt {h (2, ¥,)-2'Dv}
= i=1

S p

Since Zti {hi (z,V,) —Z‘Dv} >0 ijgj (x) <0,
i=1 j=1

it follows that y(X) < 0=y(z)

Asy () is (F, a, p,d) - Pseudo Convex at z. Therefore F(X, z; a(X, 2)Vy(z)) <—pd*(X, z), thatis

S

F(x, z; a(X, z){Zti {hi (z, V) —ztDV}} \Y {iti {fi (z,Y,)+z'Bw +Zp:ujgj (Z)H

i=1
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S

{iti {f (Z,Vi)XZIBW}+ipjgj(Z)} % {Zti {h, (z,yi)—ztDv}}—pd?(x, 2)

i=1 i=1

on multiplying the above inequality by

1

a(X, z) {iti {hi (z,y,)-2' Dv}}

and using the sublinearity of F, we have

2

i=1

F(x,z;V éti th @5z Bw}+§u,—gj(2) < —pd*(x, 2) >
gti {hi (Z, yi)_zt DV} OL(X, Z)|: .S t {hi (Z, yi)_zt DV}:|

Using the fact that P> 0,
a(X, 2)

We have

zs:ti {fi (z.y,)+2' BW}+]Z::M,-9,-(Z) (5.1.1)

= <0

Fi x,z;V -
zti {hi(zvyi)_zi DV}

In the right of (2.2.1) in equality (5.1.1) contradicts F(x, z; 0)=0.

Theorem (5.2) (Strong Duality): Suppose that X is optimal for (FP) and Vg;(X), jeJ(X) is linearly

feasible for (D).

Further, if the weak duality (theorem 5.1) holds for all feasible (z,u,v,w,s,t,y) of (D), then
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Proof: Since X is optimal for (FP) and Vg;(X), je J(X) is linearly independent. Then by necessary condition

duality (Theorem 5.1).

Theorem (5.3) (Strict Converse Duality):

(.) is strictly [F, a,p,d]-Pseudo Convex at ¥, for all (S, t, V) ek(X), (Z,i, W, V) eH(5,1,¥), and the

inequality >0 holds, and Vg;(X), je J(X) is linearly independent. Then Z =X; that is, Z is optimal

oxX, Z

for (FP).

follows that

S P
2L @) +7 BW)+ Y g ()
y| = . j=1 -0
> % {h(z.y)-7' DY}
The above inequality along with the sub linearity of F and f —2>0
a(X, Z)
5 o C p _
o ;n It (2.V)+2 Bw}+j=21u,gj(z) _pd*(%, 7)
F(X, Z,V 5 =0 (X(X, Z)

Which together with the sublinearity of F and o(X, Z) > 0 yields
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Using strict [F, o, p,d] - Pseudo convexity of y (.), we obtain y(X) > y(Z)

Since y(Z) =0, then we have y(X) >0, thatis

L:ﬁ {h@zy)-7 DV}} {

T {f, (%, 7) + (X Bv—v)}irx,-g,-(f)}

i=1

>[iﬁ f@y)+7 Bv‘v}+ia,-g,-(f)} {

LM

T @)@ Bv—v)}in,-g,-(f)}

{ T {h (% ¥) - (X DV)}} (63.1)

The relations (2.1), (2.2.2), (5.3.1) and

p
Zujgj (X) <0 imply
i1

S

sup
yeY

1
2
1
2

n, (X, y) - (X' DY) ST {h(2.9)-7 DY}

(5.3.2)
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Since X is optimal for (FP) and g;(X), je J(X) is linearly independent, by strong duality (Theorem

optimal solution of (D) and

S _ . _ . p _ .

t{f (2 Y)+ 2B+ Y g, (2)
sup = =
yeY

fi(X,y)+(X EX)% _ i
h, (X, y) ~ (%' DR)? " {h,(z,7)) -7 D}

Which contradicts the fact of (5.3.2). Hence X =Z.
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