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Existence and location of Collinear libration point L, in the Restricted Three Body
problem when the Primaries are Triaxial Rigid Bodies and Source of Radiations,
Perturbation Effects Act in Coriolis and Centrifugal forces.

B. K. MANDAL*

*Department of Mathematics, Govt. Women’s Polytechnic, Bokaro, Jharkhand, India

ABSTRACT:-

This paper deals with the stationary solutions of the collinear libration point L, of the planar restricted
three body problem when the primaries are triaxial rigid bodies and source of radiations, perturbation
effects act in coriolis and centrifugal forces with one of the axes as the axis of symmetry and its equatorial
plane coinciding with the plane of motion. It is seen that there are six libration points two triangular and
four collinear. It is further observed that the collinear points are unstable, while the triangular points are
stable for the mass parameter 0 < u < u.;; (the critical mass parameter). It is further seen that the
triangular points have long or short periodic elliptical orbits in the same range ofpu.

Key words: Restricted Three Body Problem: Libration Point; Rigid Body; Source of Radiations; Coriolis

force; Centrifugal force.

1. INTRODUCTION:

It is well known that the classical planar restricted three body problem possesses six libration points, two
triangular and four collinear. The collinear libration points Lo, L1, L, L3 are unstable, while the two equilateral
libration points L4, Ls are stable for u < u..; = 0.0385208965 ... ... ... Szebehely. Winter showed that the
stability of the two equilateral points is due to the existence of coriolis terms in the equations of motion written in

a synodic co-ordinate system.

In recent times many perturbing forces i.e., oblateness and radiation forces of the primaries, coriolis and
centrifugal forces, variation of the masses of the primaries and of the infinitesimal mass etc., have been included
in the study of the restricted three body problem. In the case of restricted three body problem where both the
primaries are oblate spheroids whose equatorial plane coincides with the plane of motion, the location of libration
points and their stability in the Liapunov sense has been studied by Vidyakin. For the case, where the bigger
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primary is an oblate spheroid whose equatorial plane coincides with the plane of motion, Subba Rao and Sharma
have studied the stability of libration points. A similar problems has been studied by El-Shaboury. Khanna and

Bhatnagar have studied the problem when the smaller primary is a triaxial rigid body.

Sharma, Taqvi and Bhatnagar have studied the problem when the bigger primary is a triaxial rigid body as

well as source of radiation.

In this paper, we consider the primaries are triaxial rigid bodies and source of radiation, perturbation
effects act in coriolis and centrifugal forces with one of the axes as the axis of symmetry and their equatorial
plane coinciding with the plane of motion. Further we assume that the primaries are moving without rotation
about their centre of mass in circular orbits. An attempt is made to study the existence and location of libration

point L.

Mandal (2017) found collinear libration point L; in 2+2 body problem when perturbation effects act in

coriolis and centrifugal forces, small primary is a radiating body and bigger primary is a triaxial rigid body.

2. EQUATIONS OF MOTION

We shall adopt the notation and terminology of Szebehely. As a consequence, the distance between the primaries
does not change and is taken equal to one; the sum of the masses of the primaries is also taken as one. The unit of
time is so chosen as to make the gravitational constant unity. Using dimensionless variables, the equations of

motion of the infinitesimal mas mg in a synodic co-ordinate system (X, y) are:

o on o 0

X—2ny=—

and

" .00

y—2nx= F (1)
2

_ 1., 5, B Hi

where (1 = =nfur + (1 = Pi)y—+—= (Iy; + I + I3; — 3 (2)
= 2 o 2myr;

McCusky

pr=1—up =p

= (x—x)* +y% (i=12) (3)
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X1 = WX, =—1+u

_ Radiation pressure due to bigger primary <

p1 = < 1.

Gravitation force due to bigger primary

Radiation pressure due to smaller primary
p2 =

Gravitation force due to smaller primary

Here, we have applied effect of small perturbation in coriolis and centrifugal forces with the help of perturbations

a and S the unperturbed value of both being unity

a=1+¢le|l K1
B=1+¢€ el K1

Hence Q change to 0’ the equilibrium points are obtained from equations
Nx=0y=0.

Here u is the ratio of the mass of the smaller primary to the total mass of the primaries and 0 < u <

N =

Thatis, u = —2— < L with my = m, being the masses of the primaries.
mi+m; 2

L, I, I3; (i = 1, 2) are the principal moments of inertia of the triaxial rigid body of mass m; (i = 1,2) at
its centre of mass, with a;, b;, ¢; (i = 1, 2) as lengths of its semi-axes. I; (i = 1, 2) is the moment of inertia about
a line joining the centre of the rigid body of mass m; (i = 1,2) and the infinitesimal body of mass mj3 and is

given by

I; = Iil§; + Lym{; + Iy, (i = 1,2).
where l;;, mqy;, ny; (i = 1,2) are the direction cosines of the line with respect to its principal axes.
Here, we have also assumed that the principal axes of m; and m, are parallel to the synodic axes 0 (xyz).

The axes 0(xyz) have been defined by Szebehely.
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The mean motion, n, is given by

)

where Ay =

N| W

(244 — — Az, 4)

2 2 c2

G g = As
gR2’ 2 T gR2’ 3 5R2’

(i=12)

and R is the distance between the primaries.

Here we are neglecting the perturbation in the potential between m; and m, due to radiation pressure

because m; and m, are supposed to be sufficiently large.

Q in the eq. (2) can also be written as

M.
(Ulz 021‘))’2 -pP=

2
1 Hi
N = Z [En wir? + + 213 (201; — 0y;) — o 5 ‘7

i=1
where 01 = Ali — A3i and 0y = AZi — A3i (l = 1, 2)
We assume that o,; and 0,; < 1 (i = 1,2).

The mean motion gives in the eq. (4), becomes
2

It may be noted that the mean motion, n, is independent of the solar radiation pressure p; (i = 1,2).

20'11 O-Zl (5)

l\JI(.}J

3. LOCATION OF LIBRATION POINT Ly

Equations (1) permits an integral analogous to Jacobi integral
X2 +y2-20+C=0

The libration points are the singularities of the manifold

F(x,y,%,9)=%2+92-204+C=0
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Therefore, these points are the solutions of the equations

0,=00,=0

1—u pBn? o4 o, 2, 1
Ly = +—{1— 4+t ——Qut—qu+4) ——=(op* +5u—4)——€' +—(4-23
0 [ e > B+ u 8#( pe—qu+4) 8. (ou® +5u—4) 3 € 8u( 1oy

+—( 4+19u)02} LG ”)+9A2(15 W
720 213 8 my
11 11 1
[(1—u){1+§01—§02+36}
+(1+6){ +3A1}{1—,u+,uz—ﬁ(Z,uz—q,u+23/1)—2(a;12+5u—19y)—ze'}+i
4 8u 8u 3 720
RN LT
2170 8 ny
11 11 1, 11 11
= 1+§01—§02+36—u—§u01+§uaz—§6

1 3 €' 01 () 2,

—+-4 —){1— 2 - = (2u% + 14p) — == (op? — 14u) — = }

+(2+4 1t+5 Bt u 8#( ue + 14p) 8#(0;1 0 3€
-1

+ {1 2 T8 a-3m+ 2 1+2)}2+A1 1 +24,0 l
p 3€ T W+ u > A—w+340-w

3 (u* u 1\ u u* 5 5 3, 9 11 11 11 11
=|ztel7 313 _§+7+4A1_ZMA1+4M A+ Az(l—,u)+—01—502+§/401+§/402
01 02 01 02
-— -— -7)—-—=0- -——=(1+2
8(#"‘7) 8(3u 7) 2( 3u) 2( + u)l
—3+ ( + 1) M+“ +5A 5A+3 A+9A(1 )+11 1 1 +11
=5 u U 5 T3 4111 411 1 2 u 01 — 80 8H01 8H02
01 02 01 02
—g WD =2 Gu=T) ~ 5 (1 =3~ 5 (-1 +20)
3 w> u 5 5 3 9
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11 11 11 11 U 7 3 7 1 3 1
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3 € w> u 5 5 5 5 3 3 9 9 9

= §+E(H —ut Dt —Stoo - o —cuo tppoy toptor — o 02 ¥ g%2 ~g %1~ ghoz
9 11 11 11 11 u 7 3 7 1 3 1
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4. STABILITY OF COLLINEAR LIBRATION POINT Lo
First we consider the point lying in (u — 2, u — 1).
For this point, » < 1, r; > 1, we have

ax _3¥3 1. Qu=1) + =1 (8 — 47 + 8942) + —2— (=8 + 9 — 37u?)
Xy =l ige u 24y RS o H=oH

3 5 3 3
Qx'x= Z+4€+16 0,(15p? 8+19u)+Tu02( 31u%+8-p)>0

9 7 3 n, 3 2
Qy’ y—Z+4€+16 01(8+29u-15u )+—02( -8-7u+15p9)<0

Similarly, for the points lying in (-1, 0)and (p,p+1)

O'xy=0, Qx’x>0and Oy y<0

Because Q'x'x Q'y°y-(Q'x°y)2<0

The discriminant is positive and the four roots of the characteristic equation can be written as A;=s, A,=-s, Az=it

and A,=-it (s and tare real) so the motion around the collinear points is unbounded and consequently the

collinear points are unstable.
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5. CONCLUSION:

In the restricted three body problems, when the primaries are a triaxial rigid bodies as well as source of radiations,
perturbation effects act in coriolis and centrifugal forces. There are six libration points, four collinear and two
triangular. The collinear points are unstable for all values of the mass paramete u r. Such that 0<u<1/2 and the

triangular points are stable for p<pl.i.
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